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Chapter 1

Direct Methods for Linear Systems: LU
Factorization

This first unit develops the standard direct method of numerical linear alge-
bra: the solution of Ax = b by Gaussian elimination, reinterpreted as the
matriz factorization A = LU and stabilized by partial pivoting. The factor-
ization built here powers nearly every algorithm in the rest of the course.

1.1 Introduction and LU Factorization

This opening lecture frames what numerical analysis is about and why it is
a subject in its own right. Almost no problem of continuous mathematics
can be solved exactly on a computer: inputs are measured or rounded,
arithmetic itself is inexact, and many algorithms must be stopped after
finitely many steps. We organize these issues into three recurring themes:
conditioning of the problem, stability of the algorithm, and convergence of
iterative methods. These themes guide the entire course. We then begin our
first major topic, the solution of linear systems Az = b, by reinterpreting
Gaussian elimination as a matrix factorization A = LU and introducing the
Frobenius matrices from which the factorization is built.

1.1.1 General Remarks

Before any algorithms, we fix the vocabulary. The definitions below distin-
guish the mathematical problem from the numerical method that approxi-
mates it, and they name the three sources of error that the course studies
in turn.

Definition 1.1. Numerical Analysis
Numerical analysis is the study of algorithms for the problems of continuous
mathematics (Trefethen).

Problem:
Input — Output: Solution(s) or No Solution
Numerical Methods:

(Approximate) Input — (Approximate) Solution



Sources of Errors:

1.

Approximate input errors (cannot represent the data exactly, e.g. irra-
tional numbers) = conditioning of the problem. These problems are
inherent to the problem.

. Rounding errors = stability of the algorithm

Approximation errors (i.e. terminating your algorithm when the result
is “close enough”) = convergence

Example 1.2.
Two problems will occupy the first half of the course, and they illustrate the
input—output picture above.

1.

Systems of linear equations. The problem is
Ax = b, AeC™™ beC", Anonsingular.

The input is the pair (A,b); the output is the unique solution x =
A~1b. Note that writing A~'b describes the answer, not the method:
in practice we never form A~!. The standard algorithm is LU factor-
ization, which is modern Gaussian elimination, and it is the subject of
this chapter.

Systems of nonlinear equations. Here the input is a function f: D —
R™ with D C R™, and the problem is to find the solutions

x € D such that f(x)=0.

The linear problem is the special case f(x) = Az —b. In general
no finite algorithm produces the answer exactly, and the standard
method, Newton’s method (Chapter 2), is iterative: it generates a
sequence of approximations, and we must decide when to stop. This
is where the convergence question enters.

1.1.2 Introduction to LU Factorization

We begin with the first algorithm of the course. The idea is to view Gaussian
elimination not as a sequence of row operations but as a factorization of
the matrix A into structured factors. This point of view, standard since
the work of the 1950s, is developed at length in Golub and Van Loan; the
remark below states the goal, and the rest of the section introduces the
matrices that accomplish it.



Remark 1.3. LU Factorization
Given: (nonsingular) A € C™*™, b e C™.
Goal: solve Az = b.

Gaussian elimination:

Ar=0b & Uz =c,

i.e. U is upper-triangular. How do we do this?

i.e. L is lower-triangular.

where U =

Ln-1...Lol1A=U < A=L]"

= o O O

*
0
0 0
LD U
L

Example 1.4. General LU Factorization Example

Before doing arithmetic, it helps to watch the shape of the computation.
Take n = 4 and follow which entries each elimination step touches. Applying
L1 zeros out the first column below the diagonal and updates the trailing
3 x 3 block; applying Lo zeros out the second column below the diagonal
and updates the trailing 2 x 2 block; and so on:

*
Lo *
0

O O O *

0

e ox x

*
#
#

* X X X

* K X X
* K K X
* X X %

= L1 A

o O O ¥

e

o O ¥

0

F= I FH o+

S % ¥

0

R

*
*
*

0

3 Ik x

% X %

= L3l 1 A=U
o

Here the *s represent entries unchanged by the most recent step, and the #s
represent entries that were just modified. Two features are worth noticing:



each step works on a smaller trailing block than the one before, which is
why the operation count comes out to O(n?) rather than O(n*), and each
step is multiplication by a matrix L; of a very particular form. These are
the Frobenius matrices defined next.

Definition 1.5. Frobenius matriz
http://en.wikipedia.org/wiki/Frobenius_matrix
A Frobenius matrix is a square matrix with the following properties:

e all entries on the main diagonal are ones

e the entries below the main diagonal of at most one column are arbi-
trary

e every other entry is zero

Frobenius matrices are invertible. The following is an example:

(1 0 0 --- 0] 1 0 0 --- 0]
0 1 0 0 1 0o --- 0
A= 0 asg 1 --- 0 , A—lz 0 —as2 1 --- 0
0 ap2 O 1] 0 —ap2 0 - 1

1.1.3 Filling in the Details: Why Frobenius Inverses Are So Sim-
ple

Write a Frobenius matrix acting on column k as

Ly=1+ ceg,
where ey, is the kth standard basis vector and ¢ € C™ collects the subdiagonal
entries (so ¢; =0 for j < k).

Key observation: the kth entry of c¢ is zero, so
egc =c = 0.

Now multiply:

(I+ce)I —cel)y=T—cel +cel —c(elc) el

——

=1


http://en.wikipedia.org/wiki/Frobenius_matrix

So the inverse is obtained by flipping the signs of the subdiagonal entries;
no computation is needed. This is exactly what we saw in the definition:
A~ replaces ajo by —ajo.
Why this matters for LU: the elimination matrices L1, La, ..., L,_1
are all Frobenius, so
L=Li'Ly' - Lyh

is available for free: each factor just contributes its (sign-flipped) column of
multipliers, and (as we will verify next lecture) the product assembles them
into one unit lower-triangular matrix with no fill-in. Gaussian elimination
therefore produces L and U simultaneously at no extra cost.

1.1.4 The Three Errors on One Example
Take Ax = b solved by elimination on a computer:

1. Conditioning: the entries of A, b may come from measurements,
or may not be exactly representable in binary. How much can the
exact solution A~!b move when (A, b) move slightly? Property of the
problem.

2. Stability: even with exact input, every arithmetic operation is
rounded. Does the algorithm amplify these roundings? Property of
the algorithm.

3. Convergence: direct methods like LU terminate exactly, but iterative
methods (Newton, QR iteration, ...) must be stopped “when close
enough.” How fast do they approach the answer?

The first half of this course builds the vocabulary to make all three precise.

1.2 LU Factorization: Algorithm and Existence

In this lecture we turn the factorization idea of the previous lecture into a
complete algorithm. Working through a 4 x 4 example in full detail shows
how the multipliers assemble themselves, at no extra cost, into the unit lower
triangular factor L while elimination produces U. We then state the algo-
rithm in compact index notation, count its operations (roughly %n?’ floating-
point operations), and record the important practical consequence that ad-
ditional right-hand sides cost only O(n?) once the factorization is known.
The lecture closes with a cautionary example: without row exchanges, LU
factorization can fail outright, or, worse, succeed while destroying all accu-
racy.

10



1.2.1 LU Factorization (Continued)

This section carries out the factorization in full on a 4 x 4 example and then
states the general algorithm together with its cost. Readers interested in the
blocked variants used by high-performance libraries will find them in Golub
and Van Loan; the version here is the textbook form, sufficient for the cost
and stability questions that follow.

Example 1.6.
We now carry out the factorization in full on a concrete matrix, keeping
track of every multiplier. Let

[S2N0 S V)
~N ~J W =
NelNeRNJVIN
o Ut = O

Step 1. The pivot is a;1 = 2. To clear the first column we subtract % =2
times row 1 from row 2, % = 4 times row 1 from row 3, and g = 3 times row
1 from row 4. Collecting the negated multipliers into a Frobenius matrix:

1 00 0 2 110
2100 01 1 1
LlA‘—4010A_0355
300 1 0 4 6 8

Step 2. The pivot is now the (2,2) entry 1 of the updated matrix. The
multipliers for rows 3 and 4 are % = 3 and % =4:

1 0 0121 1 0 2110
0 1 0 o0lf0o1 11 01 1 1
Lolid=10 3 1 ol lo 3 5 5/ =loo 2 2
0 —4 0 1|0 4 6 8 00 2 4

Step 3. One entry remains below the diagonal. The pivot is the (3, 3) entry
2, and the single multiplier is % =1:

O O = O
_= O O
_ o o o

11



Lslolq A= =U upper-triangular

S O O N
S O = =
SN ==
NN = O

Assembling L. We have L3LyI A =U,so A= L Ly 'L;'U = LU. Each
inverse is obtained by flipping the signs of the multipliers, and the product
simply deposits each column of multipliers into place, with no interaction
between columns:

10 0 01 0 0 O0]|1 00O 1 0 00
2100010001060 2100
_r-ly-17-1 _ —
L=Li Ly Ly = 4 01 0[f0 3 10[|0O01O0f (4310
300 1|0 4 0 1|0 011 3411

The result is unit lower-triangular, and its subdiagonal entries are exactly
the multipliers 2,4, 3,3,4,1 computed along the way. This is the practical
content of the factorization: Gaussian elimination is the computation of L
and U, and the multipliers need only be recorded, not recomputed.

Remark 1.7. Convention (Matlab Notation)

A = [ajp)jk=12,..n € C""

Ajkn = [k Qjkt1 - Qo]

Algorithm 1 LU Factorization without Pivoting

Require: A ¢ C"*?

Ensure: L unit lower-triangular, U upper-triangular, with A = LU
LU+ A L+« 1
2: for k=1,2,...,n—1do
3: for j=k+1,k+2,...,ndo
4 ik < wjk/uk > potential problem if uy is zero or tiny
5: Uj k:n — Uj ke — ljk: Uk k:n
6: end for
7: end for

Remark 1.8. Operation Count

n—1 n—1 3
Additions: ;(n —k)(n—k+1)= ;l(l +1) ~ % (where | =n — k)

12



n3

3
Divisions: ~ n? = ignore (because it is a lower order term)

2 3
Total Work: =~ % flops

Multiplications: =

Definition 1.9. Flop
A flop is a floating-point operation: addition, subtraction, multiplication,
division, square root.

Remark 1.10. Solution of Az =b

Azxz=0D
~~
=LU
LUx =0
=y
Ly=15b (1)
Uz=y (2)

Ly = b is easily solved via forward substitution. Uz = y is easily solved by
backward substitution.
One triangular solve requires ~ n? flops.

1.2.2 Problems with LU Factorization without Pivoting

The algorithm of the previous section can fail in two different ways: the
factorization may not exist, and, more subtly, it may exist yet be computed
inaccurately. The two examples below illustrate both failures. The second
is the more important, because nothing in exact arithmetic predicts it.

LU factorization without pivoting is unstable!

Example 1.11. Error from LU Factorization without Pivoting
The following 2 x 2 example is the standard illustration, and it repays close
reading: the matrix is harmless, the algorithm runs to completion, and the
answer is still wrong. Consider

10720 1 1
[ el

13



Nothing about this problem is pathological: A is well-conditioned, and its
exact solution has entries of moderate size. First run the algorithm with
exact arithmetic. The single multiplier is ly; = 1/1072° = 102,

1 0 10~ 1
L‘[m?o 1}’ U‘[ 0 1—1020}

SO:

Now solve a system:

1

1 (-1 [-1
ve=v o= 4] <[]

So far, so good: in exact arithmetic the factorization is correct and the solu-
tion is recovered. Now repeat the computation in floating-point arithmetic,
which carries roughly 16 significant digits. The multiplier 10?0 is repre-
sentable, but the entry ugs = 1 —10%° is not: the 1 is 20 orders of magnitude
below 10%° and is rounded away entirely, leaving

- 1 0 ~ 10-20 1
L_L_[w?o 1}’ U‘[o —1020]

=~ 10720 1

L0 = [ 1 0] 4 A
The computed factors multiply back to a matrix whose (2,2) entry is 0
instead of 1: a 100% error in that entry, even though every individual arith-
metic operation was performed to 16 digits. Solving the system with these
factors produces a bogus answer, as we verify at the start of the next lecture.
The failure belongs to the algorithm, not the problem, and the remedy is
pivoting.

1.2.3 Filling in the Details: The Operation Count

At elimination step k we update rows j = k+ 1,...,n (that is n — k rows),
and in each row the entries in columns k,...,n (that is n — k + 1 entries).
Each updated entry costs one multiplication and one subtraction:

Uj k:n = Wjkn — lj,k Uk k-

So the number of additions (and likewise multiplications) is

n—1 n—1 n—1 n—1 3
Sti-k)n—k+1) S e =Y 2+ Y1~ %
k=1 =1 =1 =1

——
~n3/3 =n2/2

14



(Recall Y% 12 = w ~ )
Adding up:
2n3
~— ~— ——
additions  multiplications ~ divisions [
The divisions (n — k per step, ~ n?/2 total) are a lower-order term, so we
drop them.

Consequence for Az = b: factor once (%), then each right-hand side
costs only two triangular solves (2n?). Solving with a second right-hand side
is nearly free compared to refactoring.

1.2.4 Reading the 1072 Example Correctly
What exactly went wrong? Track the sizes:

1

= 19% = 10, gy =1—10%.

l21
In double precision (=~ 16 digits), 1 — 10%* rounds to —10%: the “1” is
annihilated. The stored factors then satisfy

-~ [10720 1

-y

which differs from A in the (2,2) entry by 1, a 100% error in that entry,
even though each individual rounding was correct to 16 digits.

Moral: the algorithm created huge intermediate quantities (102°) not
present in the original problem. Information about A was destroyed on the
way. Note A itself is perfectly well-conditioned here; the algorithm, not the
problem, is at fault. Pivoting (next lecture) keeps all multipliers |[;;| < 1
and repairs this.

1.3 Pivoting and PA = LU

The example that closed the previous lecture showed that the plain LU al-
gorithm is unusable in general. The remedy is pivoting: exchanging rows
so that the multipliers stay bounded. This lecture develops the bookkeep-
ing needed to make that precise, namely permutation matrices and their
properties, and shows that the row exchanges can be commuted past the
elimination matrices, so that the final result is a factorization PA = LU of

15



a row-permuted copy of A. We describe the partial pivoting strategy, verify
that it guarantees |lj;| < 1, and note that its cost, O(n?) comparisons, is
negligible against the O(n?) arithmetic of the factorization itself.

1.3.1 Recap

We briefly restate where the previous lecture ended before continuing.

Example 1.12.

Continuing from last time, let us finish the computation and see the dam-
age. Using the rounded factors L, U from the previous lecture, forward
substitution gives

~ - 1
Ly=b y= [_1020}

and back substitution gives
e - 0 -1
Ur=y x—[l];«éxw[l].

The first component is completely wrong: 0 instead of —1. The culprit is
the huge multiplier 102°, which the algorithm itself created out of a harmless
matrix. Keeping the multipliers small is exactly what pivoting will accom-
plish.

1.3.2 Pivoting

Row exchanges repair both failures identified above. This section develops
the machinery: permutation matrices to record the exchanges, the commu-
tation argument that collapses the interleaved product into the clean form
PA = LU, and the partial pivoting rule that decides which rows to exchange.
Every production implementation of Gaussian elimination, including the one
behind MATLAB’s backslash operator, is the algorithm of this section.

1072 1 0 1 . :
A—[ 1 J P = [1 O] (permutation matrix)

11 1 0]t 1
PA= {10—20 1] - [10—20 1] [o 1-— 10—20]

Floating point arithmetic:




PAx = Pb LUx = [ﬂ

Lj = Pb y:m

~- 10 e e | e
Ux—[l] x—[l}Nx—A b

Every time you use Gaussian elimination you need to use pivoting.

Example 1.13. General Pivoting Example

Here is the shape of one pivoted elimination step. Take n = 4 and suppose
we are at step k = 2: the first column is already eliminated, and the boxed
entry is the current pivot position. Partial pivoting first searches column 2
from the diagonal down for the entry of largest absolute value, say in row
4, and exchanges rows 2 and 4; only then does it eliminate:

ok %k ok % %
U= 0 * x| p |0# 7 H exchange rows 2 & 4

0 = % = 0 * % x

0 % = 0 # # #

ok ok ok

i) 0 * * =

0 0 # #

0 0 # #

Doing this at every step interleaves permutations with eliminations. In
general the process computes

Ly 1Py 1+ L3LloP, L1 PIA =T,

where P, exchanges row k with some row ¢ > k. If no exchange is needed at
step k, then P, = I. At first sight this interleaved product looks like it has
lost the clean form A = LU; the pleasant surprise, worked out below, is that
the permutations can all be commuted to the right, past the eliminations,
without changing their structure.

Example 1.14. Specific Pivoting Example
We redo the matrix of Lecture 1.2, this time with partial pivoting. Recall

2110
4 3 31
A78795
6 79 8

17



At step 1 the candidates for the pivot are the first-column entries 2,4, 8, 6;
the largest in absolute value is 8, in row 3, so we exchange rows 1 and 3
before eliminating:

0010 8795
0 100f, [4331
10007 [2110
0001 6 79 8
~——
Py
1 0 0 0
-1 100
2
Ll_—i010
-2 001
8 7 9 5
0o I 9 1
4 4 4
A= Y Y
L
0 -3 -3 —3

Notice that after the exchange every multiplier is a ratio of an entry to the
largest entry in its column, so all multipliers satisfy |l;;| < 1: here %, %, % at
step 1. Continuing in the same way (choosing the largest remaining entry

in each column, exchanging, eliminating) yields

8 7 9 5
T 9 17
v |01 1 %
00 -¢& -2
727
00 0 2

Compare with the unpivoted factorization of the same matrix: the arith-
metic is different, but the cost is the same, and the multipliers are now all
bounded by 1.

Example 1.15. Pivoting in Matrix Form
It remains to untangle the interleaved product into the form PA = LU. The
trick is to insert identities I = PT P between the factors and regroup. For
n =4:
L3Ps \I/J LoPo Ly \I/ PA=U
=PI Py =PI PT P3P

18



Ly (P3LyP]) (P3P, Py PY) (3PP ) A=TU
~—~ ~— e
=L4 =L} =L =P

LLLLLI (PA) =U

L} (# LT) has the same structure as L1, with nontrivial elements in column
1 reordered.

1 000 1000
1

-1 100 £ 1.0 0

L -1 o1 o’ =101 0

-2 00 1 * 00 1

PA= (L) Ly NIh) U

)

In the general case the same regrouping gives
PA=1LU,

where P = P,,_1--- P, P is a single permutation matrix, L is unit lower-
triangular with [l;z] < 1, and U is upper-triangular. In words: partial
pivoting computes the ordinary LU factorization of a row-reordered copy
of A, where the reordering is discovered during the elimination itself. Why
the conjugated matrices L, keep the Frobenius structure is verified in the
“Filling in the Details” section below.

19



Algorithm 2 LU Factorization with Partial Pivoting
Require: A € C™*"
Ensure: P permutation, L unit lower-triangular with |l;;| < 1, U upper-
triangular, with PA = LU
.U+ A L+ I, P+1
2: for k=1,2,...,n—1do

3: choose i > k such that |u;;| = max |upl
k<i<n

4: if u;z = 0 then

5: stop: A is singular

6: end if

7: Uk kin € Ui ke > interchange rows ¢ and k of U
8: I k=1 < lik—1 > carry the already-computed multipliers along
9: Dk,: < Di: > record the exchange in P
10: for j=k+1,k+2,...,ndo

11: ljk — ujk/ukk

12: Uj ki < Ujkn — ljk Uk, k:n

13: end for

14: end for

1.3.3 Filling in the Details: Why L = PL;PT Keeps Its Shape

The reordering trick inserted I = PTP between factors. The conjugated

matrices are, e.g.,
L) = (P3P,) Ly (P3P)T.

Why does this stay a Frobenius matrix for column 1? Write L1 = I + cel
with ¢ supported on entries 2,...,n, and let Il := P3P,. Both P, and Ps
only permute rows/columns from index 2 onward (step k pivots among rows
> k), so Ile; = e1. Then

LI =01 + ce)OT = 1 + (ITe) (TTey)? = I+ (He) el
——

T
=€

So L} is again unit lower-triangular with its column-1 multipliers merely
reordered (c — Ilc), exactly the structure claimed on the discussion above.
Permutation matrix facts used here:

e P has exactly one 1 in each row and column; PTP =1, so P~t = PT,

e Left multiplication PA permutes rows; right multiplication AP per-
mutes columns the same way.
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e Products of permutation matrices are permutation matrices, so P :=
P, 1---PP; in PA = LU is one single row reordering of A, decided
during elimination.

Cost of pivoting: step k scans n — k + % candidate pivots, so the total
is O(n?) comparisons, negligible next to 22~ flops. Stability is (essentially)
free.

1.3.4 Why || <1, and Why We Care
At step k we choose the pivot row ¢ > k with the largest |u;|, then form

Ujk .
lix = = j>k).
= (>R
After the swap, |ugk| = max;>y |uk| > |uji|, hence |[;;] < 1 automatically.

This bounds ||L| by a modest constant and prevents the 10%°-type blow-

up in L. (Whether U can still grow is the “growth factor” question we settle
it in Chapter 4.)

Practical note: in MATLAB, [L,U,P] = 1u(A) returns exactly the
objects of today’s algorithm, and A\b performs PA = LU plus two triangular
solves under the hood.

1.4 Notes and References

The factorization viewpoint on Gaussian elimination presented here follows
the modern treatment; Trefethen and Bau develop it in the same spirit, and
Golub and Van Loan give a comprehensive account that includes blocked
and parallel variants used in production software. Deuflhard and Hohmann
is the closest source for the overall organization of these notes. The LA-
PACK library implements the algorithms of this chapter; MATLAB’s 1u
and backslash operator call it.

1.5 Exercises

, recording

© W =

2
1. Compute by hand the LU factorization of A = |4
8

SN w e

the multipliers /3 as you eliminate. Verify that A = LU b

your factors.

multiplying

<
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. Prove that the product of two unit lower triangular matrices is unit
lower triangular, and that the inverse of a unit lower triangular ma-
trix is unit lower triangular. Conclude that the factor L in A = LU is
uniquely determined when A admits an LU factorization with nonsin-
gular U.

. Let L =1+ ce;{ with ¢; = 0 for j < k. Verify the identity (I +
cei)(I — cel) = I for general n and k, filling in the step that uses
T

e,c=0.

. Count the floating-point operations in forward substitution Ly = b
and back substitution Uz = y, and show that each costs n? + O(n)
operations. Explain why solving Ax = b; for m right-hand sides costs
about %n‘?’ + 2mn? operations in total.

. Find the factorization PA = LU with partial pivoting for A =
0 1 2

1 2 1. State P explicitly and check that all multipliers satisfy
2 7 8
|k < 1.

. Using PA = LU, express det A in terms of the diagonal entries of U
and the permutation P. Explain why this is the standard way deter-
minants are computed in practice, and why the cofactor expansion is
not.

. (Computing.) Time 1u(A) in MATLAB or scipy.linalg.lu in
Python for random matrices of size n = 500, 1000, and 2000. Do the
timings scale like n3? Estimate the constant and compare with %n?’
flops divided by your machine’s peak flop rate.
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Chapter 2

Nonlinear Systems and Newton’s Method

We now solve systems of nonlinear equations f(x) = 0. The central method
1s Newton’s: linearize, solve a linear system, repeat. This unit derives
the method, proves a complete local convergence theorem in affine-invariant
form, and develops the safequards (monotonicity tests, damping) that make
it robust in practice.

2.1 Newton’s Method: Derivation

With linear systems under control, we begin the second unit of the course:
systems of nonlinear equations f(x) = 0. After a brief recap of the LU
toolkit, which will supply the linear solves inside every nonlinear method,
we derive Newton’s method in one variable from the tangent-line approxima-
tion, the model example of a local linearization. Simple examples already
reveal the method’s character: quadratic convergence from good starting
points, and cycling or divergence from bad ones. Quantifying both behav-
iors is the goal of the next several lectures.

2.1.1 LU Factorization Recap

We summarize the linear-algebra toolkit of Chapter 1, since the methods of
this chapter will call on it in every iteration.

PA=LU
I_ l2.1 1 - : ’ Ll < 1
lnl ln,n—l 1

LU factorization with partial pivoting is stable in practice.

2.1.2 Newton’s Method

We turn to systems of nonlinear equations. There is no analogue here of
the finite elimination algorithm; the fundamental idea is instead iteration:
replace the nonlinear problem by a sequence of linear ones. Newton’s method
is the canonical such iteration, and the remainder of the chapter is devoted
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to it. The derivation below treats one equation; the next lecture extends it
to systems.

Newton’s method is not a finite method, meaning that you would have
to run it infinitely many times in order for it to arrive at the answer.

Remark 2.1. Newton’s Method Overview
Given: f: D —-R", D C R"

fi
fo .
f=1.1, fi:D—=R, j=12...,n

In

X1

T3

x=1|.|€eDCR", z;e€R, j7=1,2,...,n
Tn

Goal: Find x € D such that

f(z) =0.
Thus, we have n nonlinear equations for n unknowns.

Example 2.2. Newton’s Method Example 1: Possible Scenarios
Even the linear case shows that a nonlinear solver must be prepared for
several outcomes. Take D = R"™ and f : R" — R" with

fx)=b— Az, beR", AcR™™

so that
flz)=0 & Az =h.

From linear algebra there are exactly three possibilities, depending on A
and b: one solution (when A is nonsingular), no solution, or infinitely many
solutions. For a general nonlinear f the situation is at least this varied,
and usually worse: the number of solutions need not be 0, 1, or oo, and no
amount of inspecting f locally will reveal it. This is why nonlinear methods
aim at a solution near a starting guess, not at the solution set.

Example 2.3. Newton’s Method Example 2
A one-parameter family already exhibits all three solution counts. Let f =
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fo : R = R with f,(z) = 22 + «, where o € R is a parameter. The graph
is an upward-facing parabola whose minimum value is «, so the number of
real zeros is decided by the sign of a:

1. if @ > 0, the parabola stays above the axis and f, has no zero;

2. if a = 0, the parabola touches the axis at a single point, x = 0, which
is a double zero: f'(0) = 0 there, precisely the situation in which the
Newton step —f/f’ is in trouble;

3. if @ < 0, there are two simple zeros z = ++/—a.

The lesson: an arbitrarily small change in the data (moving a through 0)
changes the answer structurally. A numerical method can only be expected
to behave well away from such transitions.

Example 2.4. Newton’s Method Example 3
Solution sets can also be infinite and crowded. Taken =1, D = R = {z €
R |z > 0}, and f(z) = sini. As 2 — 0T the argument 1 grows without
bound, so f oscillates faster and faster near the origin. The zeros are found
by solving

1 , 1

flx)=0 & —=4m, j=12,... = r=—.

x Jm
There are infinitely many zeros, and they accumulate at 0. Near the accumu-
lation point, which zero Newton’s method finds (if any) depends delicately
on the starting guess: another reminder that convergence statements for
nonlinear problems are necessarily local.

Remark 2.5. Newton’s Method Algorithm for n =1

The idea is entirely geometric. At the current guess z, replace f by its
tangent line and slide down the tangent to the z-axis; the landing point is
the next guess. The figure shows one step, and the algorithm below records
the loop.
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tangent at z°

Figure 1: One step of Newton’s method: the tangent line to f at z¥ intersects

the z-axis at the new approximation x'.

Algorithm 3 Newton’s Method for f(z*) =0, n=1
Require: initial guess z°; tolerance € > 0
1: for k=0,1,2,... do
2: Linearize f around z*:
t(x) = f(a¥) + (") (x — 2F)
3: Set t(x**1) = 0 and solve (provided f’(z*) # 0):
k+1 _ k f(a*)

X

 fi(ah)
4: if |25+ — 2F| < ¢ or |f(2**1)| < ¢ then
5: return zF*!
6: end if
7: end for

Remark 2.6. Questions about Newton’s Method 1. Can we guar-

antee that lim z*
k—o0

= z*?

2. If yes, what is the speed of convergence?

Example 2.7. Failure of Newton’s Method
The following classic example shows that even a maximally well-behaved
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function, smooth, increasing, with exactly one zero, can defeat Newton’s
method if the starting guess is poor. Let f : R — R with f(z) = tan™' 2

and f'(z) = lez.

Figure 2: Failure of Newton’s method for f(x) = tan~!2: starting from 47
the iterates cycle forever; starting farther out, they diverge.

f has a single zero, z* = 0. Applying Newton’s method from a starting
guess 2¥ € R gives the iteration

xk+1 = xk — (]_ —+ (.Ik)2> tanfl(xk), k= 07 ]—) 2) e

Does it converge? The danger is visible in the figure: far from the origin f
flattens out, f/'(z) — 0, so the Newton step — f/f’ becomes long and throws
the iterate far past the zero, to the other flat branch. The boundary between
recovery and disaster is the starting value whose overshoot lands exactly at
its own mirror image. Let T be the unique solution of

—Z=T—(1+Z)tan" 'z, T>0
1

where T is computed by using Newton’s Method for
g(x) =2z — (1 +2*) tan' 2.

The behavior of the method now splits into three regimes, and the value T
is the exact threshold:
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o If 20 = 7, then zF = (—1)'% for all k: the iterates ping-pong between
T and —7Z forever, converging to nothing. (Starting at —z gives the
same cycle with the signs reversed.)

o If ‘xo‘ < 7, each overshoot lands strictly closer to the origin, and
limp_yoo 2% = 0 = 2*.

o If ‘ZUO‘ > T, each overshoot lands strictly farther out, and ’mk‘ — o0:
the method diverges.

Note what this example does not show: it does not show Newton’s method is
unreliable. Started anywhere in (=7, Z), an interval of length nearly 2.8, the
method converges rapidly. What it shows is that convergence is local, and
that a practical implementation needs a safeguard for bad starting points.
Both threads are taken up later in this chapter.

2.1.3 Filling in the Details: The Linearization Step

Everything comes from Taylor’s theorem at the current guess 2°:

f(@) = f(°) + f'(a°)(z — 2°) + O((x — 2°)?).

=:t(z), tangent line ignored

We cannot solve f(z) = 0, but we can solve t(z) = 0:

f(a®)
()

0=f@) + f (2! —2°) = al=2"-

Geometrically: slide down the tangent line to the z-axis.

The neglected term is O((x — 2%)?): if the current error is small, the
new error is roughly its square. This is the germ of quadratic convergence
(doubling of correct digits), which we will prove later in this chapter.

A worked example to keep in mind: computing y/a means solving
f(z) =22 —a = 0. Newton gives

k2
k+1 _ & (x)—a_l k a
- *7—5(9”*?)-

For a =2, 20 = 1:
z' =15, 22=1416, 2°=14142157..., 2*=1.4142136...

Correct digits: 1,3,6,12,...: they double each step. This is what quadratic
convergence looks like in practice.
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2.1.4 Understanding the tan~! Failure

The iteration is z**! = g(2*) with g(z) = = — (1 + 2?)tan~' z. Since g is
odd, a 2-cycle + — —x — x occurs exactly when

9@ =-7 <<= 2T=(1+7")tan"'7,
which has the unique positive solution z = 1.39174.. ..

° }mo‘ < Z: each step overshoots but lands closer; convergence to z* = 0.

° }3:0‘ = T: perpetual ping-pong T — —% - T — - -~

. }a:o‘ > Z: overshoot grows; xk‘ — 00.

Takeaways: (1) Newton’s convergence is local: guarantees require 2 close
enough to z*; (2) flat functions (f’ — 0 far out) make the Newton step
—f/f" huge. Both issues motivate the convergence theorem and damping,
both later in this chapter.

2.2 Newton’s Method: Local Convergence

This lecture extends Newton’s method from one equation to systems: the
derivative becomes the Jacobian matrix, and each iteration requires the
solution of one linear system with that matrix: an LU factorization per
step. We establish the method’s affine invariance, an exact symmetry under
rescaling and recombination of the equations, which will dictate the form
of every hypothesis and every stopping test we use later. We also begin
assembling the tools (norms for vectors and matrices) needed to state a
rigorous convergence theorem.

2.2.1 Newton’s Method (Continued)

This section extends the method to n equations in n unknowns. The deriva-
tive becomes the Jacobian matrix, the division becomes a linear solve, and
the tools of Chapter 1 apply directly. We also record the cost of one itera-
tion and a first structural property, affine invariance, which will shape the
convergence theory.
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Remark 2.8. Newton’s Method for n > 1

fi x1
X

f:D—R", f= ]? ; r=|"|eD
fn Tn

Initial guess: 2° € D.

f(@) = f(a°) + Df(2°) (@ — 2°) + O(||z — «°|*)

where
z]| = \/96% + aE% + -+ 22 = Euclidean norm.
ofi ofi ... OGN
ox1 Oxo OTn af
Df(z)=| : oo, = {]] = Jacobian of f
fn  Ofn Ofn Ay, G k=1,2,..n
dz1 Oz2  Ozn

Obtain a new approximation x! by setting (3) to 0:

0= f(2°) + Df(a") (! —2°)
Az0

Df(a") Aa® = —f(a°)

2t =20 + AP,

This is a system of n linear equations for n unknowns.
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Algorithm 4 Newton’s Method for Systems
Require: f: D — R”, initial guess 2° € D
1: for k=0,1,2,... do
if Df(z*) is singular then
stop

end if

solve D f(z%) Az¥ = — f(2*) for Az* > one LU factorization 4 two
triangular solves

6: aFtl — oF 4 Ak
7: if %1 ¢ D then
8: stop
9: end if
10: if f(z**1) ~ 0 then
11: return zF+!
12: end if
13: end for
Remark 2.9.

1. Need to solve a linear system at each k step = LU factorization of
A= Df(a*)

2. Newton’s method is affine-invariant:
Let M € R™™™ be a fixed nonsingular matrix, and let g : D — R",
g(x) = Mf(x) for all x € D. Thus, f(z) =0 Mf(z) =0 <
g(z) = 0. Then Newton’s method applied to f and g results in the
same iterates z*, k =0,1,2,....

Proof. (That Newton’s method is affine-invariant).
g(z) = Mf(x)
Dg(«*) = MDf(a*)
Dg(a*) Az* = —g(a") & Df(a*) Azt = —f(a¥)

2.2.2 Convergence of Newton’s Method

With the method defined, we ask what can be guaranteed. This section
assembles the ingredients of the convergence theorem: the questions it must
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answer, the norms in which the answers are stated, and the Lipschitz con-
dition that quantifies the nonlinearity of f.

Proposition 2.10. Convergence
Let z* denote a zero of f, i.e. f(z*) = 0. If Df(x*) is nonsingular and x° is
“close” to z*, then

lim zF = 2*

k—o00

and the speed of convergence is quadratic, i.e.

2
o] et -

Definition 2.11. Quadratic Convergence
The number of correct digits roughly doubles in each iteration.

Theorem 2.12. Convergence of Newton’s Method, Affine-Invari-
ant Version
Assumptions:

e D C R is convex
o f:D—R"is C!
e 7' € D and Df(2°) is nonsingular

e Df satisfies the affine-invariant Lipschitz condition:
I(DFE)TH(DF(y) = DF@))[| < vy — =]

Here ||-|| : R™ — R s a vector norm and | M|| := ﬁfix || M || is the associated
z||=1
matrix norm, which satisfies:
Lo [Mez| < [|M]] {|]
2. I =1

3. [|MN| < (|| {|V]]

2.2.3 Filling in the Details: One Newton Step, Concretely
Take the 2 x 2 system

2. .2
f(z) = [1’1 + 9 1} =0 (circle N parabola).
Xro — ':L'l
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Jacobian:
. 2$1 233‘2

From 2° = (1, 1)T: f(z%) = (1,0)T and

5 Jorbl o[ -

-2 1 0 ~1/3 2/3

Note the workflow: evaluate f, evaluate D f, LU-solve, update. Never form
Df(z*)~! explicitly; solving the system is cheaper and more stable.
Cost per Newton step for a dense Jacobian:

. 3
n? entries of D f + 2% + o202
~~ ~— ~~
evaluation LU triangular solves

The LU factorization dominates; this is why the linear algebra of Chapter
1 is the engine inside every nonlinear solver.

2.2.4 Why Affine Invariance Is the Right Point of View

Rescaling or mixing the equations, g := M f with M nonsingular, does not
change the solution set, and the proof showed it does not change the Newton
iterates either:

Dyg(a*)'g(a*) = (MDf(a*)) " Mf(a*) = D (")~ f(a*).
Consequences:

e Any theory for Newton’s method should also be invariant under f —
M f. That is why the Lipschitz condition in the theorem is written with
the factor Df(x?)~! in front; the raw condition |Df(y) — Df(x)|| <
v|ly — z|| would change under M, but the affine-invariant one does
not.

e Any convergence test should be invariant too. Checking Hf(:z:k)H
is not (multiply f by 10°!); checking the Newton correction
HDf(xk)_lf(xk)H = HAwkH is. This foreshadows the monotonic-
ity test introduced later in this chapter.
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2.3 The Newton Convergence Theorem

This is the central theoretical lecture on Newton’s method. We state a con-
vergence theorem of Newton—Kantorovich type in an affine-invariant form:
hypotheses on the length « of the first Newton step, on an affine-invariant
Lipschitz constant v of the Jacobian, and on their product h = avy < %
guarantee that the iteration is well defined, remains in an explicitly given
ball, and converges. The proof introduces two standard tools of numerical
analysis, the Banach perturbation lemma and the integral form of the mean
value theorem, and controls the vector iteration by a pair of scalar majorant

sequences.

2.3.1 Newton’s Method Convergence Theorem

This is the central theorem of the chapter. Its affine-invariant form follows
Deuflhard’s framework; the classical Newton—Kantorovich theorem that it
parallels can be found in Stoer and Bulirsch. The statement is long because
it delivers four separate conclusions: the iteration is well defined, it stays
in an explicit ball, it converges, and it converges quadratically. The proof
occupies this section and the next.

Theorem 2.13.
Given:

e f:D—R"

2% € D and Df(z°) is nonsingular

|Df ()Y (Df(y) — Df(x))|| < ~ly—=| for all z,y € D (bigger

v = more nonlinear)

|Df (=)~ f(2°)|| < a for some a >0

h::a7<%
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Figure 3: S.(z°) := {# € R* | ||z — 2°|| < r}, S,(20) := {2 € R" |
|z — 2% < r}

1—+v1-2h
e S CD, =0

Claims:

1. All Newton iterates " satisfy ¥ € S,.(2°), Df(x*) is nonsingular

2. The iterates zF converge quadratically to a zero of f, z* := klim z*,
—00
z* € Sp(29)
1++v1—-2h
3. x* is the only zero of f in DN SR(xO), R := 1rvi-zh
Y
Note: )
|2t = 20| = |-Df ()" f(2%)]| < a = R

Proof. (of parts 1 and 2 of the theorem). We define two scalar sequences
(hi) and (yx) as

h k=0 5 k=0
1

he V= V-1

hy =
F E>0 — k>0
1—hg

2 (1 — hy_q)?
It is easy to verify that for all K =0,1,... we have

1

Jj—o0

= lim ~;

~
Ve < Vitl < —F—= = |
VvV1—2h jooo
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2 Properties:

h < 1

— < —«

Ve ~ 2k
h h hy._ 1 1 1—+v1-2h
70_‘_71_’_..._‘_ kl:f_7<7":7
Y0 it Vk—1 Y Yk Y

Claim: For k =0,1,..., 2 € S,(2°), Df(«") is nonsingular, and
|pry (Dfw) - Dr@)| < wly—all,  wyeD.

We will also prove that

Proof by induction on k:
k = 0 = satisfied (by our assumptions).

k>1:
B e s KRS
—_———
hg—1 <P—2 S%
k-1 —YE—2
h h _
<24 g Aoy
0 " Ve—1

Thus, z* € S,.(2).

Df(a*) = Df) (1= D)7 (Df) - DIER)) @)

nonsingular —A

41 = [ D7 D5 ) — DA < e [t =0 < by < 5 <1
L

hp,
< k=1
“ k-1

Banach Lemma: If [|A| < 1, then I — A is nonsingular and

1

|7 =4~ < .
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Thus, by (4), Df(x*) is nonsingular and

Df(") " (Df@"Df(a* ")) (Df(y) — Df(x))

1

< |psh) ' psat Y| st (D) - Di@)|

(I-A)-1
<1 ly — ]
—_— _ — X
=1 ey Ye—1 ||Y

P ok = —D R (f(@) =S = DI ek = 2R )
=0

= —Df(@")"! /O 1 (Dr @+ t(ah —a*) = D)) @ — b a

kaﬂ _ ka < /01 HDf(xk)fl(Df(xkfl Ttk — b)) - Df(kal))H

(e
N R [ ER P

) 1
:’kaxk—:pk_lu / tdt
0

2
e
2

—_——

2
<(hk71)
—\ k-1

2
k

To be continued... O

2.3.2 Filling in the Details: Reading the Assumptions

Each hypothesis is a measurable quantity at the starting point:

37



o a > |[Df(a%)"tf(a%) = ||z' —2°|: the length of the first Newton
step. Small @ = we start near a solution (as measured by Newton
itself).

e ~: the affine-invariant Lipschitz constant of D f, a curvature/nonlinearity
measure. v = 0 means f is affine and Newton finishes in one step.

e h=oay< %: “first step x nonlinearity” is small: the tangent model
is trustworthy over the region the iterates will explore.

The radius r = ﬂ then satisfies & < r < 2« (check: 1 —+/1—2h €
[h, 2h]), so the whole iteration happens within about two first-steps of z°.

The Banach lemma (used to keep Jacobians invertible): if ||A] < 1
then I — A is nonsingular and

1

(I-A) ' =T4+A+ A+ A4, |- <) 4 = 1—JlA]

Jj=0

(The Neumann series converges absolutely because HAJH < ||A|lY by sub-
multiplicativity; multiplying the series by I — A telescopes to I.)

The integral identity (used to compare f at two points): for ¢(t) :=
f(zF=1 4+ t(zF — 2%71)), the chain rule gives ¢/(t) = D f (2"~ + tA) A with
A = 2% — 21 and the fundamental theorem of calculus yields

Ky pfok—1y _ ! k—1
f@®) — f(z )—/ Df(z" " +tA)Adt.
0

Subtracting the tangent-model term D f(z*~1)A (which is exactly — f(x*~1)
by the Newton equation!) produces the integrand (Df(z*~! 4+ tA) —

D f(:vk_l))A, and this is what the Lipschitz condition can bound, giv-

ing the factor 7.t ||A| and, after Yar = 1 the quadratic estimate
7 0 2
|zt — 2F|| < % |A|]>. This one computation is the heart of the whole

proof.

2.3.3 The Scalar Majorant Sequences at a Glance

2
hkfl V-1

1
h = - =

h():h, Yo = -

o < % - ﬁ <1=h = %(1ﬁ%0)2 < %: the hy decay (in fact

doubly exponentially, squaring each time).

38



e 7y increases but stays bounded: v, v/v1 — 2h.

e The step bound H:L‘k+1 — iL'kH < hi/ve < /2% then makes the iterates
a Cauchy sequence (next lecture), and the sum >, h;/v; < r keeps
every iterate inside the ball.

Big picture: the vector iteration is dominated (“majorized”) by a scalar
recursion that we can analyze completely. This proof pattern, majorant
sequences, recurs throughout numerical analysis.

2.4 Newton’s Method in Practice; Damping

We complete the convergence proof begun in the previous lecture: the iter-
ates form a Cauchy sequence, the limit is a zero of f, and the convergence is
quadratic, which in practice means the number of correct digits doubles at
every step. We then turn to Newton’s method as it is actually used. Because
the theorem’s hypotheses are rarely checkable, practical implementations
monitor progress instead; affine invariance leads to the natural monotonic-
ity test, based on the simplified Newton correction, which can be evaluated
cheaply by reusing the current LU factorization. When the test fails we
must modify the step. This is the subject of damping, introduced here and
developed next lecture.

2.4.1 Recap

We restate the theorem and the quantities appearing in it before completing
the proof.

z* € 8, (z9)
|psah " (Dfw) - DfE@)| <wly -2l ayeD
po-ef<eg
Ve 2

f:D—R" f(z*) =0.
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Claim: (z*) is a Cauchy sequence.
Let m > k.

me - l’kH < Hmm - xm_lH + Ha:m_l - wm_QH +-- 4 H$k+1 - mkH
(6 (6% (6%

Somitgmat ot

2k

o 11 1
327 1+§+Z+"'+W
<O‘<1+1+1+ )
=9k\" "2y

— ————

=2

[0

SQkfl

Thus, (%) is Cauchy and therefore convergent:

k

lim 2" = z*, z* € S (aV).

k—o00

Claim: z* is a zero of f.
f(a®) = =D f(a") (@ —2h)
aM

EERl N ) I i B

< max ||Df(z)|:=M <%

z€Sy(zV)

Thus,
0= klim fzk) = f(klijn xk) = f(z¥)

Claim: the convergence is quadratic.

P =2t = DfEHTEY by (5)
karl ot = xk o Df(xk)fl(f(xk) _ f(x*))
N——

=0

1
:/0 Df () (DfR) = Df (@ + (" —2%) ) (a* — 2" dit
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1
kaH || < ||z — 2 / HDf(a:k)_l(Df(xk)—Df(ﬂ:*th(xkfx*)))H dt
0
1
< ||z* -z ’yk/ kafx*ft(xkfx*)‘dt
0
Y
2 1
k *
=|z" —z ’yk/(l—t)dt
0
2
s
1 v H Ak
<o ||z" —7
T 241-2h

Note: p
ﬁf(zr* + t(z* — 2*)) =Df(a* + t(zh — ac*))(z:k — )

Parameterizing in terms of ¢ is the reason why we need complexity.

2.4.2 Use of Newton in Practice

A convergence theorem with unverifiable constants does not by itself yield
a usable algorithm. In practice one monitors the iteration and reacts. This
section derives the standard test, chosen for affine invariance, and shows
how to evaluate it at negligible cost by reusing the current factorization.

Remark 2.14. Monotonicity Test (Preliminary)
Newton iterates: zFt1 = ¥ —D f(2®) 71 f(2").
=Azk
If all goes well: ¥ — z*,  f(z*) = 0.
Check for progress: Hf(:ckﬂ) | < 0| f(2*)| for some 6 < 1. Note that this
check is not affine-invariant!
Instead:

|prah it || < 0| Draty "

e

In addition to
Df(a*) Az = —f(a") (6)

we also need to solve a second system:
Df(IL‘k) A:L,IH—I — _f(l,k—i-l)

Additional cost: O(n?) flop if LU factorization is used to solve (6).
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Remark 2.15. Monotonicity Test (Refined) e Compute Az**! in
addition to Axz".

o Check if ||Az* || < 0 ||Az*|| for some § < 1. (Typical value is § = 3)

e If not satisfied, use Newton’s method with damping

2.4.3 Newton’s Method with Damping

When the monotonicity test fails, the full Newton step has overshot. Damp-
ing shortens the step without changing its direction; the justification is the
descent property proved below. The globalized method that results is de-
veloped fully in Deuflhard’s monograph on Newton methods.

Remark 2.16. Newton’s Method: Standard vs. Damped

Standard: zFt! = 2% + AzF

Damped: 2*t1 = zFt1(\,) = 2% + A\ AzF, where 0 < A, < 1 for some
damping factor.

What is a suitable strategy for selecting Ax?

2.4.4 Filling in the Details: Three Small Steps Made Explicit

(1) Geometric series in the Cauchy estimate. For m > k,

[e.9]
e Sl 5 g g g
=0

independently of m, which is exactly the Cauchy property. Completeness of
R™ then supplies the limit x*.

QMS

(2) Why f(z*) = 0. The Newton equation rearranges to the identity
f(z*) = =D f(2*) (2% — 2¥), so

k @ —
|ra)| <5z =0, M= max|Dj]|
(M is finite: a continuous function on a compact ball attains its maximum).

Continuity of f finishes it: f(2*) = lim f(2*) = 0.
(3) The quadratic-rate constant. The final estimate was

2

k+1 % %H k % Y H k
T — X < =l —x < ———— ||2” —
H =2 ~ 2V/1-2h

——

=:C

42



Interpretation: once C H:ck — x*H < 107!, each iteration squares the error,
i.e. doubles the number of correct digits. In double precision you typically
observe residuals like 107t — 1072 — 107* — 10=8 — 10716 four or five
iterations from a decent guess.

2.4.5 Why the Monotonicity Test Is Designed This Way

Naive test: Hf(:ck“)H <40 Hf(:ck)H Flaw: replace f by M f and the test
outcome can flip, but the iterates do not change. (Not affine-invariant.)

Fix: measure residuals in the Newton metric at z*:

[prahtrEh| < 0| prehtrEh)|.

e

Both sides are unchanged under f — M f. The right side is already known;
the left side needs one extra solve

Df(a*) A" = —fabth)

with the same matrix, so we reuse the LU factors: cost only O(n?). The
quantity Ekﬂ is called the simplified Newton correction; the test reads
|&" | < 0jaqr

full step and damping enters.

, typically with 6 = % If it fails, we do not trust the

2.5 Damped Newton; Introduction to Conditioning

The first half of this lecture completes the damped Newton method. We
prove that the Newton direction is a descent direction for an affine-invariant
level function, which explains why shortening the step, rather than aban-
doning it, is the right response to a failed monotonicity test, and we describe
the practical step-size strategy. The second half opens the third unit of the
course: error analysis. We define the condition number of a computational
problem, the factor by which relative input perturbations are amplified in
the output, entirely independent of any algorithm.

2.5.1 Newton’s Method with Damping (Continued)

This section completes the damped method: the step-size selection rule,
the doubling strategy that restores full steps near the solution, and the
assembled algorithm.
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Remark 2.17. Goal of Damping

HDf(mk)_lf(ka)H <0 HDf(xk)_lf(xk)H for some 6 < 1
This can always be satisfied if A; is chosen small enough.

In the following,
|lv|| :== VvTv = Euclidean norm.

Proposition 2.18.
If f(2*) # 0, then the Newton increment

Azt = —Df (")~ f(a¥)

is a descent direction for the function
1 ey —1 2
6(x) i= 5 | DrE" (@)

at =%, i.e.

< 0.

d . & k
ad)(a: + AAz") .

Corollary 2.19.
If A\ > 0 is chosen small enough, then

2F T = 2P 4 N AP
satisfies (7). This implies that
S(2F 1) < 02 (2").
Proof. (of the descent proposition). Note: f(x¥) # 0= Ax* #£ 0.

Lok + A = Deo)| _ a0t
D,é(z) = (Df(a") " f(2)) D f(a*) "' Df(x)
= —(A:):k)TAxk = — HAmkHQ <0

Remark 2.20. Practical Strategy for Selecting A

Determine 0 < A < 1 such that the monotonicity test is satisfied with
0 =1— 2. If possible, use A\, = 1 (which implies that 6 = %), so that

2

near the solution the method takes full Newton steps and retains quadratic
convergence. The halving-and-doubling procedure below implements this.
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Algorithm 5 Step-Size Selection for the Damped Newton Method

Require: current iterate ¥, Newton correction Az, first trial value \

(from the previous step), minimum Ay, > 0
1: for Ay =X, 3,2+ Amin do
solve D f(x*) Azkt1(\y) = — f(2F + \eAxF) > reuse the LU factors
of Df(2*): cost O(n?)
if [|AzFH(\L)|] < (1 — 2F) [|Az*|| then
bt ok 4 A\ Az
first trial value for the next step: min{1, 2}
return ¢!
end if
end for
stop: no admissible step size found > Newton direction not usable; z*

E\?

may be near a critical point of f

2.5.2 Conditioning

We now begin the error-analysis portion of the course, which occupies this
chapter and the next. The first concept is conditioning, a property of the
problem alone, prior to any algorithm. The treatment follows Trefethen and
Bau; Higham’s book is the comprehensive reference for the whole chapter.
Problem: Input — Output (or No Solution)

Abstract Formulation: X — Y, z € X is the input, y = F(z) € Y is the
corresponding output.

Example 2.21. General Problem We Are Considering

To see how a familiar task fits the abstract input—output frame, take the
solution of the linear system Ay = b, where A € C™*" is nonsingular and
b € C". The input is the pair (A,b), the output is the solution vector, and
the “problem” is the map between them:

X ={z=(A,b) | A€ C™" is nonsingular, b € C"}
Yy =C"
F(z)=F(Ab):= A b=y cC"
Note carefully what F' is not: it is not an algorithm. It is the exact math-
ematical map from data to solution, and its sensitivity to perturbations of

(A,b) is a property of linear algebra alone, the same whether we later solve
the system by LU, by QR, or by hand. Separating this sensitivity (condi-
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tioning) from the additional errors an algorithm commits (stability) is the
program of the next two chapters.

Definition 2.22. Conditioning of a Problem

The impact of perturbation: x — x + dx, dx is small. In other words, we
are solving a slightly wrong problem and we want to know the effect on the
output.

Perturbation of input: dx (= z + dx — x)
Perturbation of output: §F(z) (= F(x + dz) — F(x))

The condition number of a problem, k = k(z), is a measure of the sensitivity
of the output to small changes in the input:

IF@ _ 6]

(el (el

2.5.3 Filling in the Details: The Descent Computation

for small ||dz||

Level function (note: affine-invariant, Jacobian frozen at z*):

= o )= bo@Taw), o) = DAY 1)

Chain rule: D,¢(z) = g(x)" Dg(x) = g(x)"Df(z*)"'Df(x). Evaluate at
x = 2%, where Df(z) = Df(z*) cancels its inverse:

Dy(a¥) = g(a®)T = (Df(a*) "L f(2F))" = —(Az*)T

Directional derivative along the Newton step:

iqﬁ(a:k + AAzF) = Dy¢(aF) AaP = — HAkaQ < 0. [
dA =0 2
Why 6 = 1 — \/2?7 For small \, first-order expansion of the residual
gives
g(z® + MNAzF) =~ (1 = \) g(=F),

i.e. the ideal decrease factor is 1 — A\ (full step A = 1: residual would vanish
to first order). Demanding the achievable factor 1— %, half the predicted de-
crease, accepts steps that realize at least half of the linear model’s promise.
This is the nonlinear- equations analogue of the Armijo condition from op-
timization.

The doubling rule A1 = min{1,2X;} lets the method accelerate back
to full Newton steps (and quadratic convergence) once it enters the basin of
attraction: damping costs nothing asymptotically.
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2.5.4 Conditioning: Setting Up the Right Question

Before analyzing any more algorithms we must separate two issues:
error = (sensitivity of the problem) x (quality of the algorithm).

Today we defined the first factor. Read the definition

|6 F ()|

Fa) =)

15
]

as: k converts relative input error into worst-case relative output error.
Rules of thumb:

e Data known to ~ 16 digits (€pacn) and & = 108 = at most ~ 8
trustworthy digits in the output; no algorithm can do better.

e x depends on the problem and the input z; the same formula can
be well-conditioned at one x and hopeless at another (next lecture:
] — T2).

2.6 Notes and References

The affine-invariant convergence theory of this chapter follows the framework
developed by Deuflhard; the textbook of Deuflhard and Hohmann contains
the version presented here, and Deuflhard’s monograph Newton Methods
for Nonlinear Problems develops the theory in full, including the damping
strategies of the last two lectures. The classical Newton—Kantorovich theo-
rem, which the present theorem parallels, is treated in Stoer and Bulirsch.

2.7 Exercises

1. Derive the Babylonian iteration z**! = 1(2* 4 a/2*) as Newton’s
method for f(z) = 2% — a. Show that the error e, = ¥ — \/a satisfies
erx+1 = e2/(22%), and conclude quadratic convergence for ¥ > 0.

2. Carry out one step of Newton’s method for the system z? + 23 = 4,
r129 = 1, starting from 2% = (2,1)7. Set up the Jacobian, solve the
2 x 2 linear system by hand, and state z'.

3. Show that if f(z) = Az — b with A nonsingular, Newton’s method
reaches the exact solution in one step from any starting point.
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. Fill in the proof of affine invariance: for nonsingular M and
g = MFf, show that the Newton iterates for ¢ coincide with
those for f, and that the affine-invariant Lipschitz condition
IDf) 1 (Df(y) - DF@)|| < 7ly—ax| is unchanged when f
is replaced by M f.

. For f = tan™!, the boundary between convergence and divergence of
Newton’s method is the point 7 satisfying 27 = (1+72) tan~! . Com-
pute T to six digits with the bisection method, and verify numerically
that starting values slightly inside and outside produce the claimed
behaviors.

1Al

. Prove the Banach lemma refinement ||(1 — A)~' — I < T—[A]

for

|Al| < 1, using the Neumann series.

. Show that the majorant quantities h; of the convergence theorem sat-
isfy hy < hj—1/2 whenever hy_1 < 1/2, and that in fact hy = O(hZ_,).
What does each statement say about the speed of the iteration?

. (Computing.) Implement the damped Newton method with the mono-
tonicity test (6 = %, halving strategy, Amin = 2710). Test it on
f(z) = tan=!(z) with 2° = 10, where the undamped method diverges,
and report the sequence of accepted step sizes Ag.
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Chapter 3

Conditioning, Floating-Point Arithmetic,
and Stability

This unit builds the error-analysis framework of scientific computing. We
quantify the sensitivity of problems (conditioning), describe how computers
represent numbers and round arithmetic (the IEEE standard), and define
what it means for an algorithm to be stable and backward stable. The unit
culminates in the accuracy theorem: for backward stable algorithms, relative
error = O(K €mach) -

3.1 Conditioning; Floating-Point Numbers

We continue the study of conditioning with a formula for differentiable prob-
lems, k(z) = ||[DF(x)||||=|| / || F(x)]|, and two model examples that will recur
all semester: the square root, which is well conditioned everywhere, and the
subtraction of nearly equal numbers, whose condition number blows up; this
is the true source of the phenomenon called “loss of significant digits.” We
then prepare to discuss how real numbers are represented in a computer,
reviewing positional (binary) representations and motivating the floating-
point format.

3.1.1 Conditioning (Continued)

This section computes condition numbers for concrete problems using the
derivative formula, and draws the lesson that recurs throughout the chap-
ter: subtraction of nearly equal quantities is the fundamental ill-conditioned
operation.

We have F': X =Y, x4 d6x — F(z)+ 6F(z).

[0 F ()] 1]
——— < k(x) for small ||dz|
£ ()| ]
[OF ()] [l
R(r) < S-S
[E @) ozl
Here, ||| are suitably chosen norms in X and Y.
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Definition 3.1. x(x)

BE@I ] worpna  SF@I o]
k(x) :=limsup ——— = sup
S IE@ el el TF@

Definition 3.2. Ill-Conditioned, Well-Conditioned
A problem is said to be ill-conditioned if k(x) > 1 and well-conditioned
otherwise.

How do we compute the condition number?

Remark 3.3. Conditioning Number for F Differentiable
HFXCR" Y CR™and F: X — Y is differentiable, then

_ iorea el

(Note: H(S'f;;ﬁ)u is kind of like a difference quotient.)

Example 3.4.
As a first application of the formula, consider evaluating y = F(z) = /x for
x > 0. Here n = m = 1, the derivative is

11

Fl(z) = Eﬁa

and the formula gives
|x| B 1 =z 1

“IFOlFm = e

Two things are worth noticing. Flrst, the two factors of y/z cancel exactly, so
the answer is a constant: the square root is well-conditioned uniformly, for
every x > 0, even though F'(x) — oo as # — 0. A steep derivative alone
does not make a problem ill-conditioned; what matters is the derivative
relative to the sizes of input and output. Second, kK = % < 1 means the

square root actually dampens relative errors: perturbing x by 0.1% moves

vz by only about 0.05%, as one also sees from /z(1+¢€) ~ /x (1 + §).

Example 3.5.

The second example is the most important in the chapter: computing y =
F(z) = x1 — x9 for x = [5131 .fUQ]T € R?. Now F : R? - R, and F is
differentiable with a constant derivative,

DF =1 -1].
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The condition-number formula (with the 2-norm on inputs) gives

T 562 1:2
w(z) = | DE()], u”v('agr - \/i{?

Read the fraction: the numerator measures the size of the data, the de-
nominator the size of the answer. When x; ~ x5 (and neither is near 0),
the answer is far smaller than the data and x blows up: the problem is
ill-conditioned. Nothing exotic has happened; the mechanism is completely
elementary. Perturb the inputs and watch:

F(LL’ + (5%) = (.T1 + (5%1) — (1’2 + (5372) =21 — L9 +0x1 — 09
~0

~ dx1 — 0x9.

The intended answer x1 — x5 is tiny, so the output consists almost entirely of
the perturbations themselves: the shared leading digits of x1 and xo cancel,
and what remains is noise. This phenomenon is called “loss of significant
digits,” and we emphasize from the start that it is a property of the problem:
no algorithm evaluating z; — x5 for such inputs can do better.

Remark 3.6.
Conditioning is only a property of the problem to be solved, not of a specific
algorithm for obtaining its solution.

To compute a condition number in Matlab, use cond (A).

3.1.2 Floating-Point Numbers

To analyze algorithms as they actually run, we must fix how computers
represent real numbers. This section reviews positional notation in base 2,
the preliminary step to the floating-point format of the next section.
Problem: How do we represent € R on a computer?

Finite Storage: irrational numbers like v/3 = 1.73205... or even very
large integers cannot be represented exactly!

Base of the representation: g > 2
e 3 = 2: binary representation

e 3 =10: decimal representation
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If x > 0 is an integer,

& =0p" 4+ byt S A+ b1+ Dy
= (bnbn—l T blbO)ﬁ

where the b;’s are integers such that 0 < b; < g — 1.

Example 3.7. 53 in Base 10 and Base 2

The same integer looks different in different bases, but the principle is iden-
tical: digits are coefficients of powers of the base. Let x = 53. In base 10
the familiar reading is

x=>5-10"43-10° = (53)1o.

In base 2, we express 53 as a sum of powers of two, 53 =32+ 16 +4 + 1,
and record which powers appear:

r=1-2241-2240-22+1-2240-2' +1.2°
= (110101)s,

which requires 6 bits. Note the trade-off: base 2 needs more digits than base
10 for the same number, but each digit is only a 0 or 1, which is exactly
what hardware can store and switch reliably.

Example 3.8. How many numbers can we store?
Suppose we allocate 52 bits and store numbers as plain binary integers,

x = (bs1bs0 - - b1bo)2-

How many numbers can we represent exactly? Each bit takes two values
independently, so there are 2% patterns, representing z = 0,1,2,...,2%2 —1.
That is a lot of integers, about 4.5x 10' of them, but notice what the scheme
cannot do: it has no fractions, no negative numbers, nothing beyond 2°2 —1,
and its absolute spacing is fixed at 1 regardless of the size of the number.
Scientific computation routinely needs 1073%° and 103%0 in the same code,
with comparable relative accuracy at both scales. This is why, in general,
we use the floating-point representation, even for integers.

3.1.3 IEEE Floating-Point Standard

Virtually all hardware built since 1985 implements the IEEE 754 standard
summarized here. Higham gives a complete account, including the history
of the standard and the rationale for its design decisions.
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Base § =2. Any x € R, x # 0, can be represented in the binary form
T = :I:(l.blbg . ) x 2P

where by, be,--- € {0,1} and p is an integer.

3.1.4 Filling in the Details: Where the x Formula Comes From

For differentiable F', Taylor gives dF(z) = F(v 4 dx) — F(z) = DF(x) dx +
o(||0x||). Insert into the definition of &:

]
IE @)

using the definition of the induced matrix norm in the last step. So the
recipe is: differentiate, take norms, normalize.
The subtraction example, dissected. For F(z) = x; — xo:

| VBTER

R\X) =
( |z1 — 2|

[6F@) ] IDE() szl |zl sups, ||

6l TFG) Bl TE@I F(@)l

Try 21 = 1.000001, o = 1.000000: « ~ 2 x 10°. Perturb each input in the
7th digit and the output 1075 can change completely. Nothing was computed
wrong: the difference genuinely carries only the information beyond the
shared leading digits. “Loss of significant digits” is thus a conditioning
phenomenon; algorithms can avoid creating such subtractions (Section 3.4)
but cannot repair one demanded by the problem itself.

3.1.5 Why Floating Point (and Not Fixed Point)?

With 52 bits as a plain integer we cover 0,1,...,2%% — 1: a range of about
4.5 x 10, with absolute spacing 1. Scientific computing needs 1073% and
103 in the same code.

Floating point +(1.b1bg - - - bsa) x 2P instead fixes the number of signifi-
cant digits and lets the exponent place the binary point: the representable
numbers have constant relative spacing ~ 27°2. That matches how error
propagates through multiplication and division, and it is why our entire
analysis (conditioning, stability) is phrased in relative errors.

Note the leading “1.” is forced (normalization), so it need not be stored,
buying one free bit of precision. The bookkeeping of exponent bits, hidden
bit, and special cases is next lecture’s IEEE standard.
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3.2 IEEE Floating-Point Numbers and Machine Precision

This lecture makes computer arithmetic concrete. We convert a decimal
number to normalized binary form by hand, observing that most finite deci-
mals become infinite binary expansions and must therefore be rounded. We
describe the IEEE single- and double-precision formats, define machine pre-
cision emach = 2772, and prove the fundamental representation bound: every
real number in range is stored with relative error at most %emach. This single
inequality underlies every stability estimate in the rest of the course.

3.2.1 Quick Review of the IEEE Standard

We restate the format before filling in its details.
=2 z€R, x#0

T = (1b1b2) x 2P
where by,bo,--- € {0,1} and p is an integer.

Example 3.9. 41.7 in the IEEFE standard

We convert 41.7 to binary by hand, treating the integer and fractional parts
separately. For the integer part 41, divide by 2 repeatedly and collect the
remainders (these are the bits, least significant first). For the fractional part
0.7, multiply by 2 repeatedly; each integer part that appears is the next bit,
most significant first:

% = 20 remainder 1 2x0.7=0.4 remainder 1
% =10 remainder 0 2 x0.4=0.8 remainder 0
% =05 remainder 0 2x0.8=0.6 remainder 1
% =2 remainder 1 2x0.6=0.2 remainder 1
% =1 remainder 0 2x0.2=0.4 remainder 0
% remainder 1

Reading the remainders upward gives 41 = (101001)s, and reading the inte-
ger parts downward gives 0.7 = (0.10110...)2. Observe that the fractional
computation has begun to cycle: the value 0.4 has reappeared, so the bit
pattern 0110 will repeat forever. Assembling and shifting the binary point
to just after the leading 1:

41.7 = (101001.10110.. . )y
= +(1.01001100110...) x 2.
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This is its normalized binary representation. The point to remember: 41.7
is a perfectly ordinary one-decimal-digit number, yet its binary expansion
is infinite. It cannot be stored exactly in any finite binary format; rounding
will be forced before a single arithmetic operation takes place.

3.2.2 Normalized IEEE Floating-Point Numbers

This section works a complete conversion example and defines the normal-
ized representation precisely. The example rewards following digit by digit:
it shows that ordinary decimal inputs already require rounding before any
arithmetic takes place.

exponent

+ (L.byby...by)x2 P
g M
sign mantissa

where by, be, -+ € {0,1} and p can be represented with M bits.

Precision | sign | N (mantissa) | M (exponent) | total bits | total bytes
Single 1 23 8 32 4
Double 1 52 11 64 8
Long Double 1 64 15 80 10

From now on we stick with double precision.

A double floating-point number looks like:
:|:(1b1 b2 . b52) x 2P

where p is an integer in [—1022, 1023].
Some numbers:
1:=+1.00...0x2°
52

52 . _ 0
1+2 .—+1.005.1..01><2

3.2.3 Machine Precision

The resolution of the floating-point system is measured by a single number,
machine epsilon. This section defines it and derives the bound on represen-
tation error that underlies every stability proof in the course.
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1 +27°2 is the smallest floating-point number that is still larger than 1.
To check this, we loop for n=0,1,2,...:

?
1+27">1
It should stop for n = 53.

Definition 3.10. Machine Precision
Machine precision (or machine epsilon) is a measure of precision. Its value
is

€mach (=200 = (142772 — 1)

(eps in Matlab)

Note:
€mach = 2.220...x 10716

which is why double precision has ~ 16 significant digits.

3.2.4 Floating-Point Representation

We collect the rounding rules and state the representation bound formally.

round to nearest

reR fi(z) = floating-point number closest to z

Remark 3.11. Chopping vs. Rounding to Nearest
Consider a real number with more than 52 fractional bits,

$:i1.b1b2---b52b53--'><2p.

The simplest way to fit it into the format is chopping: discard everything
beyond bsg, i.e. € — £1.b1by---bsy X 2P. Rounding down is the same as
chopping; rounding up instead adds 1 to bse (with carries). The IEEE
standard prescribes the more accurate round to nearest, with ties broken
toward an even last bit; the decision procedure is the following.
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Algorithm 6 Round to Nearest (ties to even)

Require: T = :tl.bl bQ s b52 b53 b54 <o x 2P

Ensure: the double-precision number nearest to x
1: if bs3 = 0 then

2: round down > discarded tail < half a unit in bs9
3: else if b; =1 for at least one j > 53 then

4: round up > discarded tail > half a unit in bs9
5: else > exact tie: tail is exactly half a unit
6: if b5 = 1 then

7: round up > makes bs2 even (0)
8: else

9: round down > by already even
10: end if

11: end if

Definition 3.12. Relative Error
For x # 0, the relative error of fl(z) is

1
< S €mach = 279 =1.11...x 10716

‘ fi(r) —x

Example 3.13. Representation of 41.7 with Rounding

We now apply the rounding rule to 41.7, whose infinite binary expansion
was computed above. Writing out the first bits and marking the cutoff after
bso with a vertical bar:

11

41.7 = +1.0100110110 0110---011001 {100110--- x 2°
6 ) ) - be

The first discarded bit is bs3 = 1 and the tail beyond it is not all zeros, so
the rule says round up:

fl(41.7) = +1.01001101100110...011001 x 25,

The stored value differs from 41.7 by less than half a unit in the last stored
place, a relative error below 2753 ~ 10716, invisible in ordinary use, but
not zero, and we will watch this particular error resurface in the arithmetic
examples of the next lecture.
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3.2.5 Filling in the Details: Why the Conversion Algorithms
Work

Integer part: repeated division. If 41 = b52° + .- 4 b12 + by, then
dividing by 2 leaves remainder by and quotient b52* + - - - +b;. Each division
peels off the next bit, least significant first: 41 = (101001),.

Fractional part: repeated multiplication. If 0.7 = b_;27! +
b_9272 4+ ..., then 2 x 0.7 = 1.4 has integer part b_; = 1 and frac-
tional part 0.4 = b_»27' + .... FEach doubling exposes the next bit,
most significant first. Since 0.7’s sequence of fractional parts cycles
(7— 4 — .8 > .6 —.2— 4), the bits repeat: 0.7 = (0.10110)3. Most
finite decimals are infinite binaries; rounding is unavoidable even for “nice”
inputs.

The Jemacn bound, derived. Let x = (Lbiby--+) x 2P, s0 2P < [z] <
2P+l Representable numbers with exponent p form a uniform grid of spacing
2P . 2752 — 27=52 Rounding to nearest lands within half a grid step:

() — | < 1. 2P752 = 2p793,
Divide by |z| > 2P:
’ﬂ(x) —z

< 2753 = %emach ~ 1.11 x 10716'
xr

Equivalently fi(z) = 2(1 + €), || < J€mach, the form we will use constantly
in stability proofs.

(The “ties to even” clause, round toward bse = 0 when exactly halfway,
removes the statistical bias that “always round up” would inject over millions
of operations.)

3.2.6 Orders of Magnitude Worth Memorizing

€mach = 2772 ~ 2.22 x 10716
%emach = 2753 (rounding bound) ~ 1.11 x 10716
significant decimal digits (double) | ~ 15-16

largest double ~ 1.80 x 10308

smallest normalized double 271022 | ~ 293 x 10308

Sanity checks in MATLAB: eps, realmax, realmin; and try 0.1 + 0.2 ==
0.3 (false!); now you know exactly why: 0.1, 0.2, 0.3 are all infinite binaries,
each rounded separately.
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3.3 Floating-Point Arithmetic and Round-Off Errors

We complete the description of IEEE arithmetic: the biased exponent,
the special values, and the fundamental axiom of floating-point arithmetic,
which asserts that each single operation is performed with relative error at
most %emach. Individual operations are thus essentially perfect; large er-
rors arise only from the way roundings propagate through many operations.
A detailed example of catastrophic cancellation shows the canonical fail-
ure mode: subtraction of nearly equal quantities promotes old, previously
harmless rounding errors into the leading digits.

3.3.1 Representation of the Exponent p

The exponent field has its own encoding, described in this section. The
bias avoids a separate sign bit for the exponent and allows floating-point
comparisons to be implemented with integer hardware.

Double precision uses 11 bits:

102" + €927 + -+ + €12 + ¢2Y, €o,e1,...,e10 € {0,1}

We can represent all integers from 0 to 2! — 1 = 2047. BUT p is written in
the shifted form:

p=—10234¢€102'0 + €92 + - - +€12! 4+ ¢¢2°
fixed

Thus, p ranges from —1023 to 1024.

3.3.2 Machine Representation

This section assembles the full 64-bit memory layout and the special values
reserved by the standard.

‘s eger -+ ey byba - bso ‘

x#+0,f00: s eper...eq0 ‘ by by ... b5
r=20: s00...0 [ 00...0
r=2400: s 11...1]00...0
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Undefined Cases:
NaN: s11...1 ‘ by by ...bs2, at least one b; = 1

subnormal floating point numbers: s 00...0 ‘ by by ...bs2, at least one b; = 1

<2—1022

27122 110...0 | 00...0

3.3.3 Floating Point Arithmetic

Representation is only half of the standard; the other half prescribes the
arithmetic. The requirement is clean: each operation must return the cor-
rectly rounded exact result. Its consequence, the fundamental axiom below,
is the interface between hardware and analysis, and everything we prove
about algorithms rests on it.

Example 3.14. 41.7 ¢ 10.425
Let us watch one floating-point addition in complete detail. The two sum-
mands are

x =f1(41.7) = 1.010011 01100110 ...011001 x 25
y = 11(10.425) = 1.01001101100110...011001 x 23,
/4
=41.7

where y has the same bit pattern as x because 10.425 = 41.7/4 and division
by 4 only lowers the exponent by 2. To add, the hardware first aligns the
exponents, rewriting y with exponent 5, which shifts its bits two places to
the right; two of y’s bits now extend past the 52-bit window. The exact sum
is then computed in extended registers and rounded:

z = +1.0100110110...011001 | ~ x 2°
y = +0.010100110110...0110 | 01 x 2°
z+y= 1.101000010...00000 | 01 x 2°
fi(z+y) = 1.101000010...00000 |  x 2°
N—_——
=z@yFr+y

The final rounding discards the two overhanging bits, so x ®y # = +y: even
though both inputs were floating-point numbers and the hardware computed
their exact sum internally, the result did not fit and had to be rounded. This
is the general situation, and it is exactly what the fundamental axiom below
quantifies: each operation returns the exact result correctly rounded, hence
with relative error at most %6mach'

60



Exact Arithmetic | floating-point arithmetic

r+vy rDy
=Yy TOY
T XYy rT®Y
r/y TQY

For all floating-point numbers x, y:

r@y=(zx+y)(l+e) where |¢| < %emach =2

zoy=(zx—y)(l+e) where || < Lemacn

rRy=(rxy)(l+e) where |¢| < %emach
(y#0) zoy=(z/y)(1+e) where [e[ < Jemach

Remark 3.15.
The relative error of the floating-point implementations of the four basic
arithmetic operations is bounded by

1
5 Emach = 279 —111...x 10716,

3.3.4 Catastrophic Effects of Round-Off Errors

The axiom guarantees each operation individually; it does not guarantee
compositions of operations. This section presents the canonical failure,
catastrophic cancellation, in a fully worked example.

Loss of Significant Digits

Occurs in subtraction of nearly equal numbers, i.e.

r —y, wherex = y.

Example 3.16. Relative Error of x —y when x =~y
The following pair of numbers is engineered so that every step can be fol-
lowed bit by bit. Take

r=1+2"24+27 427 = 410...01 [110--- x 2°
y=1+2""=+41.0...00|010--- x 2°,

two numbers agreeing in their first 52 bits; the bar marks the 52-bit storage
cutoff. In exact arithmetic:

r—y=2"7+2"=3x27%
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Floating-point arithmetic:

fi(z) = +1.0...010 | x2°
fi(y) = +1.0...000 | x2°
fi(z) — fi(y) = +0.0...010 | x2° = +1.0...0 x 27!

Compare: the true difference is 3 x 2753, the computed difference is 271 =
4 x 2793, Relative error:

1

=3

2—51 —3x 2—53
3 x 2753

A 33% error, from inputs each stored to 16 digits, and, remarkably, from a
subtraction that was itself performed ezactly (check: the stored bit patterns
subtract with no rounding at all). The damage was done when z and y
were rounded to 52 bits: rounding threw away exactly the bits in which =
and y differ. The subtraction then cancelled the 52 correct shared bits and
promoted what was left, which is mostly rounding error, into the leading
position. This mechanism, old rounding errors elevated to prominence by
cancellation, is the single most common way accuracy is lost in practice.

3.3.5 Filling in the Details: The Fundamental Axiom and How
to Use It

Why is each operation this accurate? The hardware computes x + y (etc.)
exactly in extended internal registers, then rounds the exact result to the
nearest double. So

THy = ﬂ(x + y) = (a; +y)(1 + 6), ’6’ < %Emacm

by the representation bound from last lecture, and likewise for 6,®,@.
Each single operation is essentially perfect. All large numerical er-
rors are therefore accumulation or amplification effects, never a single bad
operation.

Template for stability proofs (memorize this manipulation): a com-
puted expression is unwound by attaching one (1 + ¢;) per operation, e.g.

fi((a®b) ®c) = (ab(l+e1) +c)(1+e)=ab(l+e)(l+e)+c(l+e),
then products of (1+¢;)’s are absorbed: (14+¢€1)(14€2) = 14€1+€e2+e1e0 =:

1+ 7 with 7] < €mach + O(€2,,)- The computed value is the ezact result
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for slightly perturbed data, the seed of “backward error analysis” (Sections
3.5-3.6).

Warning: the axiom does not give associativity: (z@®y)®z # x2®(yDz)
in general. Summation order matters; compilers and parallel reductions can
change your answers in the last digits.

3.3.6 Reading the Cancellation Example Quantitatively

x=1+25242753 1275 o — 14275 each is stored with relative error
< 2793 which is excellent. But the exact difference x —y = 3 x 273 is tiny,
of the same size as the storage errors themselves. The stored values subtract
ezactly (no new rounding!) to 27°!, yet

2751 —3. 2753
3.92-53

1
=3 ~ 33%.

relative error = ‘

What went wrong: subtraction of nearly equal numbers cancels the cor-
rect leading bits and promotes the old rounding errors from the 53rd bit
position to the 1st. The subtraction itself is backward stable (Section 3.5);
the damage was done when the inputs were rounded. This distinction (ill-
conditioned step vs unstable step) is the theme of the next three lectures.

3.4 Loss of Significant Digits; Stability

Having diagnosed cancellation, we first collect the standard remedies:
rewriting expressions using conjugates, splitting the domain, and algebraic
simplification to avoid huge intermediate quantities. We then begin the
formal theory of algorithm quality. An algorithm is stable if it produces
nearly the right answer to nearly the right problem; this deliberately modest
requirement is the strongest property one can demand in the presence of
ill-conditioning, and separating it from the conditioning of the problem
itself is the key conceptual step of this unit.

3.4.1 Loss of Significant Digits

This section examines cancellation more closely and separates two issues
that are often conflated: an ill-conditioned subtraction demanded by the
problem, and an unnecessary cancellation introduced by the algorithm. The
distinction determines whether the cure is a better algorithm or acceptance
of the problem’s sensitivity.
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r—1y, rT=Yy
In practice, this problem can often be avoided easily.

Example 3.17. Trouble Is Avoidable
Cancellation demanded by the problem cannot be cured, but cancellation
introduced by a formula often can. Consider evaluating
1 —coszx
f(@) = ——— for0 <z <.
sin® x

The function itself is harmless: it is smooth and takes moderate values
(indeed f(z) — 1 as 2 — 0). The formula, however, computes 1 — cos z,
and for z ~ 0 we have cosxz =~ 1: a subtraction of nearly equal numbers,
with the cancellation catastrophe of the previous lecture waiting. The cure
is algebra. Multiply by the conjugate:

_1—cosx 1+ cosx 1 —cos?x 1 1

flz)= 2 2

sin® x 1+ cosx sin” x 1+ cosx 1+ cosx

The rewritten formula 5 +Closx contains an addition of positive quantities near

x = 0: no cancellation, problem solved. But check the whole domain before
declaring victory: near z = w we have cosx ~ —1, and now it is the new
formula whose denominator 1 4 cos z suffers cancellation, while the original
formula is perfectly safe there. So use each formula where it behaves:

1 T
— << =
fla) = 1+ cosx 2
1—cosx cu<
— =<z <.
sin? z 2

This pattern, rewrite to remove the cancellation, then split the domain so
each formula is used where it is safe, is a standard piece of numerical crafts-
manship.

Example 3.18. Huge Intermediate Quantities
Cancellation is not the only formula-induced disease; enormous intermediate
values are another. Consider

f(x):1<1 ! —1>, O<zx<l,

X
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to be evaluated at z = 27°%. Note first what the answer should be. In exact
arithmetic:

y = f(27°) =2% 2 = —1 =~
254 — 1 1—2-54

In floating-point arithmetic:

j=2"g ((254 o2 1)) & 1)

———

=20

=0

Relative Error = ’y—y =1

Yy

A 100% error: the computed answer is 0 where the true answer is essentially
1. Trace the failure to its source: the subtraction 2°4&1 returns 2°4, because
near 2°4 consecutive doubles are 4 apart and 2°4 — 1 is simply not repre-
sentable. That one absorbed unit is a relative error of only 2754, harmless
in itself, but the algorithm then divides two nearly equal huge numbers and
subtracts 1, an operation exquisitely sensitive to exactly that lost unit. The
huge intermediate quantity 2°%, absent from both the input and the output,
is what set the trap.

Remedy: simplify the algebra before computing. The expression collapses:
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Full accuracy, from the same inputs on the same machine. The two com-
putations are mathematically identical; the difference is purely in which
intermediate quantities they manufacture. The working rule: intermediate
values much larger than both the input and the output should always raise
an alarm.

3.4.2 Stability

We can now say what it means for an algorithm to be good. The defini-
tion must be forgiving enough to be achievable in floating-point arithmetic
and strong enough to be useful; stability, defined below, is the accepted
compromise. Our formulation follows Trefethen and Bau.

Abstract formulation of a problem:

F .
I =
nput z € X —— F(z)=y €Y, y is the output
F: XY

An algorithm in floating-point arithmetic:

F:X->Y
F captures all errors:
o x — fl(z)
e round-off errors of floating-point arithmetic
e possible approximation error (e.g. stopping Newton’s method)

Exact solution of the problem: y = F(x)
Computed solution: § = F(z)

F' (computed)

Figure 4: The exact solution y = F(x) and the computed solution § = F(z).
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Relative error of the computed solution:

-yl _|JF@ - F@)|
[yl | F(2)]]
Ideally we would like to have
|F - rw] Olemaen) for all z € X (8)
= €mac or all x €
IF ()] "

Recall: g(e) = O(e) < there exists a constant C' such that ||g(e)|| < C|¢]
for e = 0.

If the condition number is 1, then (8) is possible. If the condition number
is big, i.e. the problem is ill-conditioned, then (8) is unrealistic.

Instead. ..
Definition 3.19. Stable

The “algorithm” F : X — Y for solving the problem is stable if for each
x € X, there exists an £ € X such that

|F) - r@) _
0 gy~ O
O T

Meaning of Stable
A stable algorithm gives nearly the right solution to nearly the right problem.

Figure 5: § = F(z) is the computed solution.

g = F(x) is the computed solution.

This is a realistic goal.
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3.4.3 Filling in the Details: A Toolbox Against Cancellation

The examples illustrate general-purpose tricks; collect them:
] ] sin? z ) .
1. Multiply by the conjugate. 1—cosz = ———; likewise /o + 1—

) 1+ cosx
r=——.
Ve Vr+1++/z

a benign addition.

The subtraction of close quantities is traded for

2. Case-split the domain. The rewritten formula may be bad else-
where (cosx &~ —1 near 7): use each formula where it is well-behaved.

3. Use series expansions near the bad point. E.g. 1 — cosz =

22

?_%+-‘~ for small z.

4. Algebraic simplification first. The huge-intermediate example col-

lapses to f(z) = ﬁ: simplify before coding. Intermediate quantities

much larger than input and output should raise an alarm.

Why 2°4 &1 = 2%%: the gap between consecutive doubles near 2% is
2%4-52 — 4 50 2°4 — 1 is not representable and rounds back to 2°*. One
absorbed unit out of 2% is a relative error of only 2754, harmless locally.
The loss occurs when the later subtraction and the multiplication by 254
amplify precisely that lost unit into 100% error. Again: individually perfect
operations, disastrous composition.

3.4.4 Parsing the Stability Definition

Data: problem F : X — Y; implemented algorithm F : X — Y (includes
input rounding, all round-off, any truncated iteration). Wish list:

oo
1F ()]l

= O(€mach) (“forward stability”).

Unreachable in general: if k(x) > 1, even rounding the input already moves
the exact answer by kepach. The definition of stable retreats gracefully:
there exists nearby data (|| — z|| / [|z]] = O(€émacn)) With
Hﬁ(x) - F(g:«)H
I1F ()]

= O(emach) :

nearly the right answer to nearly the right question. The algorithm is then
blameless: any remaining error is the problem’s sensitivity, not the method’s
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fault. Next lecture strengthens “nearly the right answer” to “exactly the
right answer” (backward stability).

3.5 Backward Stability

This lecture introduces the sharper and more useful notion of backward
stability: the computed result is the exact answer to a nearby problem. We
prove that floating-point subtraction is backward stable. This proof is the
prototype of all backward error analyses: each rounding is absorbed as a
small relative perturbation of the data. We also exhibit a simple algorithm
that is stable but not backward stable. The payoff of the definition is the
accuracy theorem: for a backward stable algorithm, the relative error of
the output is of order K(x)€mach, cleanly splitting responsibility between
problem and algorithm.

3.5.1 Backward Stability

A stronger and cleaner property is backward stability: the computed answer
is the exact answer to a nearby problem. Most core algorithms of numerical
linear algebra are backward stable, a fact established by the style of proof
introduced here. Both the idea and the technique are due to Wilkinson.

Definition 3.20. Backward Stability

A stronger form of stability:

The “algorithm” F : X — Y for solving the problem F : X — Y is said to
be backward stable if for each input there exists an £ € X such that

and

Meaning of Backward Stability:
A backward stable algorithm gives the right solution to nearly the right
problem.
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N

Figure 6: Backward stability: the computed solution is the exact solution
of a nearby problem, § = F(z) = F(%).

Example 3.21. Backward Stability of Floating-Point Subtraction
We verify the definition for the simplest nontrivial algorithm: subtract two
real numbers in floating-point arithmetic. The problem and its implemen-
tation are

y=F(z) =z — x9, x—[ml]€R2
T2

§=F(z) =1l(z1) © i)
1
= [ ( + €1 (1+62)]<1+63) where ‘61|,‘62‘,’63‘ < §€mach

) —
—1‘1(1+61)( )—x2(1+62)(1+63)

=:T1 =:Z2
= F(z)
T — a1
“I S0 @) ) 1= fa e +acl
< lex| + les| + lex] |es] = O(€macn)
T2 T2) _ O(€mach) by similar analysis
T2

The floating-point algorithm for subtraction is backward stable. Pause on
the decisive move, the third line of the first display: the roundings €1, €2, €3
were not estimated, they were relocated, absorbed as multiplicative pertur-
bations of the data z; and z3. The computed value is then ezactly F(Z) for
the perturbed data , and the only thing left to check is that Z is close to x,
which the second display does. This push-the-errors-onto-the-data maneu-
ver is the template for every backward error analysis in the course. Note
also how this resolves the cancellation puzzle of the last lecture: subtraction
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is a backward stable algorithm applied to a possibly ill-conditioned problem;
when z1 &~ x9, the large relative error in the output comes entirely from &,
not from the arithmetic.

Remark 3.22. Backward Stability of Floating-Point Addition,
Moultiplication, and Division

Similar to Example 13.2, we can show that addition, multiplication, and
division are backward stable.

Example 3.23. Stable, but not Backward Stable

The two stability notions genuinely differ, and the gap is exposed by an
algorithm of almost comic simplicity: add 1 to a number. The subtlety is
that the constant 1 is part of the problem, not the data, so it is not available
for absorbing errors. Formally:

y=F(x)=xz+1, reR
j=F(z

1
)=f(z)®1=[z(1+e)+ 11+ e2) where |e1], |eo] < o €mach
(1

r(l1+ea)(l+e)teatl=0+1=F(2)

=T

T—z| |z(l+e)(l+e)tea—2x
A o A
€2 €mach
= 61+62—|—6162—|—x‘:O(EmaCh)+O< ’1" )

# O(émach) if 220

Thus, this algorithm is not backward stable: the attempt to blame the
rounding €2 on the data x leaves an additive residue €z, and for x ~ 0 this
residue is enormous relative to x; there is simply nowhere to hide the error
when the data is tiny and the constant 1 is off-limits. Is the algorithm at
least stable? Yes: we exhibit & meeting the weaker definition, which permits
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the answer to be nearly (rather than exactly) F(Z).

Flx)=z+1
F(z)=z(1+

€1)(1+e)+e+1

l

F(#) - F@#) =#F+1)0 ;—.62) —(+1)= (T4 1)eg = F(¥)e
F(z) — F(&)| = |[F(#)| |e2] = |F(&)| O(emacn)

I —x=2x€

|'% - 1’| = ‘$| O(Emach)

Thus, it is stable. The example calibrates the two definitions: backward
stability demands that all errors be expressible as data perturbations, which
fails here for smallness of the data, while stability tolerates a residual output
error of relative size O(€macn), Which is all that remains. In practice this
algorithm is perfectly satisfactory; the example matters not as a warning
but as proof that the implication “backward stable = stable” cannot be
reversed.

3.5.2 Accuracy of Backward Stable Algorithms

Backward stability pays off through the theorem of this section, which com-
bines a backward error bound with a condition number to produce a forward
error bound. The result explains the division of labor: the algorithm controls
the backward error, and the problem sets the amplification factor.

Theorem 3.24.
Let the problem F': X — Y have condition number x = k(x), z € X, and
let F: X — Y be a backward stable algorithm for solving the problem.
Then:

|P@) - F@)

|1£()]]

lg—=yll
Tl

= O(k(x)€macn) for all x € X.

Thus, if the condition number is really high, then even a backward stable
algorithm cannot save you.
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3.5.3 Filling in the Details: The Proof Technique on Display

The subtraction proof is the prototype backward error analysis. Watch the
moves:

F(x) = fl(z;) © fA(zy) write what is computed
= [z1(1+€1) —z2(1 + €2)] (1 + €3) one (14 €) per op
=z1(1+e€1)(1+e3) —x2(l +e2)(1 +€3) push errors onto data

-~

Tl T2
= F(#).

The art is the third line: every rounding is absorbed as a small multiplicative
perturbation of an input. Then (1 + €;1)(1 + €3) = 1 4 €1 + €3 + €1€3, s0
‘jz - xz’ / ‘xz| < €mach + iegnach = O(emach)-

Why F(z) = = + 1 fails. The rounding ez from the addition must
be blamed on the data x, giving & = (1 + €1)(1 + €2) + €2, an additive
contamination e5. Relative to x:

I—x

= O(€mach) + O(emaCh> — o0 asz — 0.

@ ]

The constant 1 cannot absorb error (it is exact by definition of the problem),
so near x = 0 there is nowhere to hide the rounding. The algorithm is still
stable: the computed value equals F'(Z)(1 + €2), i.e. nearly the right answer
to a nearby problem, just not backward stable. Moral: backward stability is
the stronger, cleaner property, and luckily the one that real linear-algebra
algorithms tend to have.

3.5.4 The Error Budget Picture

The accuracy theorem separates responsibilities:

g —yll
KR . .
el (s) - Gnaa, )

problem algorithm delivers
observed error

Practical readings:

e Backward stable algorithm + well-conditioned problem = answers
correct to ~ 16 digits.

o = 109 = expect only ~ 6 digits, and no algorithm can beat this,
because rounding the input alone already commits this error.
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e An algorithm losing digits on a well-conditioned problem is unstable
and should be replaced (cf. LU without pivoting).

Proof of the theorem: next lecture, one chain of inequalities.

3.6 Backward Stability; Vector and Matrix Norms

We prove the accuracy theorem stated last time and then develop the
normed-space machinery that quantitative linear algebra requires: the classi-
cal vector norms, the Frobenius norm, and the induced (least-upper-bound)
matrix norms. We compute the induced 1- and oo-norms explicitly as max-
imal column and row sums, note that the induced 2-norm is an eigenvalue
quantity with no entrywise formula, and prove submultiplicativity, the prop-
erty that makes induced norms the right tool for perturbation arguments.

3.6.1 Backward Stability (Continued)

This section proves the accuracy theorem and begins the study of the norms
needed to apply it to matrix problems.

Theorem 3.25.

F:X—>Y, k)
F: X =Y backward stable
| ) -
|1F(x

;@)H = O(Kk(x)émach) Yz e X

Proof. Let x € X and let F' be backward stable. Then

F(z) = F(&) for some & € X with W = O(€mach)-
fecall: E@] e
X X
k(z) = sup :
W5 TF@)
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Then

|F@ - F@|  jr@) - Fe
IF@)] IF@)]
_ |9F ()] (o= & —2)

~IF@)

:<WF@W‘|WH>H£—w
[oall TFG@)]

(backward stability)

|7 — |
< (k(x) + o(1)
( O )T
—0 as €mach—0
:O(€mach)

= O(K(x)€mach)

3.6.2 Norms

Error analysis for vector-valued problems requires a way to measure the size
of vectors and matrices. This section reviews the standard vector norms;
Golub and Van Loan tabulate their properties and relationships.

Definition 3.26. Norm
A norm on C" is a function

[ :C" =R
such that for all z,y € C", a € C:
1. ||z]| > 0, and ||z|| = 0 if and only if z =0
2. |z +yll < =l + llyll
3. [laz| = |af ||z

Example 3.27. Some Norms

75



n

lzlly =l

=1
n
2
lelly = y| > Ll
i=1
l2lloe = max ||

Example 3.28. Vec Norm
Let A € C™". vec(A) := [a11 g1 -+ Gn1 @12 -+ App )l € cr’, Al =
[vec(A)||, where |-|| : C"* — R.

Example 3.29. Frobenius Norm

1Al = [lvec(A)lly =

3.6.3 Matrix Norms

Among matrix norms, the induced (operator) norms interact best with prod-
ucts, through the submultiplicativity property proved below. The three
classical induced norms and the Frobenius norm cover nearly every need in
practice.

Definition 3.30. Matrix Norm
Any matrix norm satisfies:

1. ||A|| >0, with ||A|| = 0 if and only if A =10
2. [|A+ Bl < [[All +||B]
3. laA] = laf|[A]

Definition 3.31. Induced Matrix Norm
Often more useful are induced matrix norms:

Let [|-]] : C* — R be a matrix norm on C". Set
A
lub(A) = luby (A) := max L ——pr
220zl llzl=1

It is easy to see that lub(A) is indeed a matrix norm.
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Note: [|Az|| < luby.(A) [|z]| for all A€ C" ", z € R".

Norm on C" | Induced Matrix Norm

n

BIA [|All, := lubyy, (A) = 11%1}2(”];1 |ajk]  (max column sum)
Il |All o, :=luby_(A) = max > |ajx| (max row sum)
oo oo oo 1<j<n /=4
. All, :=luby.,(A) = max ||Az|, = omax(A) = the largest singular value of A
2 2 lI-1I2 2

llllo=1

Omax — )\max (AHA)

Theorem 3.32. lub Norms Are Submultiplicative
lub norms are submultiplicative:

lub(AB) < lub(A)lub(B) VA, B € C**"

Proof.

AB
lub(AB) = max |ABz]
220 ||z

For x #0,y:= Bx #0

Bz _ JABr) 1Bell _ WAV 1Bl _ 0o
lol = Bl el Tl Tl

3.6.4 Filling in the Details: The 1-Norm Formula, Derived

Claim: [|A[|; = maxy }; [ajx| (max column sum). Write A = [aq ap -

by columns.

Upper bound. For any z with ||z||; =), |zx| = 1:

Azl = || S anar]|, < 3 lonl lanl < (max laelly) S fowl
k k k

1

Attained. Let £* maximize ||ag||,; and take x = e+: then ||Az||; = |lak-

hits the bound. Hence equality.

1

Dually, || A, is the max row sum (same argument applied to rows / to

AT). Both are O(n?) to evaluate, so both are cheap diagnostics.
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The 2-norm is different. No entrywise formula:

”AHQ = Umax(A) = )\max(fll_lfl)7

an eigenvalue computation (cf. Chapter 7). Useful special case: for unitary

Annotating the accuracy-theorem proof: the chain was

]

|7@ - F@] o 1@ - Pl @ (uam ol ) |z - |
@] 1F@)] 1021l TE @)

iii)
2 (5(@) + o(1)) Olemaen).

(1) backward stability substitutes the data; (ii) is multiply-and-divide; (iii)
the bracket is a difference quotient whose sup defines k, up to o(1) because
0x — 0 as €qmach — 0. Every backward-stable algorithm inherits this bound
with no further work.

3.6.5 Which Norm When?

e All norms on C" are equivalent: e.g. ||z|| < [z|, < [|z]; <
n x| . So qualitative statements (O(€mach), convergence) are norms-
independent; choose whichever is convenient.

e Constants do change: condition numbers k1, ko, Koo can differ by
factors of n. Report which norm you use.

o [|]l;, || trivially computable, good for bounds and software.

e ||-||5: unitarily invariant (||UAV||, = ||A]|, for unitary U, V'), the nat-
ural norm for the eigenvalue/orthogonality part of the course.

e ||||p: also unitarily invariant, computable, but not induced by any
vector norm (e.g. ||I||p = +/n # 1).

3.7 Notes and References

Conditioning and backward stability in the form used here are the orga-
nizing ideas of Trefethen and Bau, whose treatment shaped this chapter.
Higham’s Accuracy and Stability of Numerical Algorithms is the definitive
reference for floating-point error analysis, including the IEEE 754 standard,
the fundamental axiom, and backward error analyses of the standard algo-
rithms. The technique of pushing rounding errors onto the data originates
with Wilkinson.
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3.8

1.

Exercises

Convert 0.3 and 5.6 to normalized binary floating-point form, exhibit-
ing the repeating bit patterns. Which decimal fractions have termi-
nating binary expansions?

Compute the condition number x(z) for F(x) = e*, F(z) = Inx, and
F(x) = x1 + x9. For each, identify the inputs (if any) at which the
problem is ill-conditioned, and interpret the answer for In x near z = 1.

Using the fundamental axiom, show that the computed sum fl(z; +xo+
-+ +xp) (summed left to right) equals > 2;(1+n;) with [n;| < (n—
1)émach + O(€2

= ach)- Conclude that recursive summation is backward
stable.

Show in detail that the algorithm F(z) = fi(z) @ 1 for F(z) = = + 1
is stable but not backward stable, following the argument of the text.
Where exactly does the attempt to push es onto the data fail?

Prove that the induced matrix norm satisfies || Al = max; Y, |ajk|
(maximum row sum), by adapting the column-sum proof given for

1Al -

Assuming the singular value decomposition A = ULV show that
|Ally = Omax and HA*1H2 = 1/0min, so that k2(A) = Omax/Tmin.
Deduce that k2(U) = 1 for unitary U.

The roots of 22+ bz +c = 0 for large b > 0 are z4 = 3(—b+vb? — 4c).
Explain why the formula for x suffers cancellation, rewrite it using
T, x_ = ¢, and compare both formulas numerically for b = 10%, ¢ = 1.

(Computing.) Determine €y, experimentally: find the smallest n
for which fl(1 +27") = 1 in double precision. Compare with eps in
MATLAB or numpy.finfo(float) .eps.
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Chapter 4
Stability of Gaussian Elimination

With the framework in place, we return to the algorithm of the first unit
and analyze it: the condition number of Az =b is k(A) = || A HA‘lH, and
the backward stability of LU factorization with partial pivoting hinges on a
single quantity, the growth factor.

4.1 Conditioning of Az = b; Stability of LU Factorization

The tools of the previous lecture are now applied to the central problem
Ax = b. A first-order perturbation argument identifies the condition number
as k(A) = ||A|| ||A7!||, and we interpret its extreme values geometrically.
We then return to Gaussian elimination and assemble its stability story:
the backward error of the computed factorization is governed by the size of
|L|| ||U|| relative to || A||, which pivoting controls through the bound |l;;| < 1
and the growth factor p(A).

4.1.1 Conditioning of Ax =1

We apply the framework to the central problem of the course. The answer
is the most quoted formula of numerical linear algebra, x(A4) = || A| [|A~*
and its derivation is a short perturbation argument.

Let A € C™*™ be nonsingular.
Let b € C™ be fixed, and consider small perturbations §A of A.

)

Ax =10
(A+6A)(z + 6z) = b} = A(0z) + (6A)z + (5A~)[()63:) =0

A(dz) = —(0A)x = sz~ —-A"1(6A)x

Let ||-]] be any vector norm on C™ and ||| be the associated lub norm on
(CnXTL‘

162 = | A7 (5 A)z|| < AT (SA)|| 1]
< [ A7 Al ||

MM& 1| = g .
el oA ~ MAHAT =2 w4 (= mp(4)
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Recall our definition of k(z):

[[ox]| [IA] -1
sup S—- w— = k(A) = [|A][ |4
sa =l lI6A] 4~
Theorem 4.1.
Let b € C" be fixed. Let ||| be a vector norm on C" and let ||-|| be the
associated lub norm. Let A be nonsingular. The conditioning number of
solving Ax = b is given by

K(A) = [|A][][ A7

Corollary 4.2.
k(A) > 1 for all A (since we are using lub norms).

Proof.
I=AA"
17 = [[AA™]
< Al A7
= k(A)
1| = max [[[z]| =1
[[=]]=1

4.1.2 Stability of LU Factorization

With the conditioning of the problem settled, the remaining question is the
stability of the algorithm. This section explains why LU factorization with-
out pivoting fails the test, in precisely the sense the definitions anticipate.

Let A € C™*™ be nonsingular. Assume that A has an LU factorization:
A=LU.

Then: for all “sufficiently small” €y,n, LU factorization without partial
pivoting in floating-point arithmetic encounters no zero pivots. The algo-
rithm will run to completion, computing a lower-triangular matrix L and an
upper-triangular matrix U such that

. 15A]
LU=A+6A and ————— = O(€mach)-
TEN-qoy ~ O Cmact)
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IEILI] - 1U]] = O([|A]]), then

[5Al

=0 €mac
jay ~ O6mact)

and LU factorization without pivoting is backward stable.

However, for general nonsingular A € C"*",
LI - U1 # Ol All)

In fact, without pivoting ||L|| can be arbitrarily large (see the 2 x 2 example
we did).

= LU factorization without pivoting is not backward stable (and not even
stable).

4.1.3 LU Factorization with Partial Pivoting

Partial pivoting bounds the factor L; whether the algorithm is backward
stable then reduces to a single quantity, the growth factor, defined here. The
complete story, including Wilkinson’s analysis and the modern average-case
perspective, is told in Higham.

Partial pivoting ensures that |l;;| < 1 for all j,k = |L|| = O(1). But
what can we say about ||U]||?

Define the so-called growth factor.

Definition 4.3. Growth Factor

ST 1k
p=p(A)= ﬁ
ket
Theorem 4.4.
Let A € C"*" be a nonsingular matrix. Then LU factorization with partial
pivoting in floating-point arithmetic generates matrices L, U, and P such
that
LU = PA+ A
4 1eAll

HAH = O(p €mach), where p = p(A) is the growth factor.

Consequence:
If p(A) is bounded by a constant for all nonsingular matrices A € C"*",
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then
[0A]l

1Al

and thus, LU factorization with partial pivoting is backward stable.

0 (emach)

This is indeed the case. It can be shown that
p(A) <2"1  for all nonsingular matrices A € C"*"

and the inequality is sharp. However, in practice, p(A4) does not approach
this bound.

4.1.4 Filling in the Details: The Perturbation Derivation, Line
by Line

Perturb A only (b fixed): (A 4 0A)(x + dx) = b. Expand and subtract
Az =b:
Adz + (0A)x + (0A)(dz) = 0.

The term (§A)(dx) is a product of two small quantities, second order, and is
dropped (this is exactly the linearization that the lim sup;_,, in the definition
of k makes rigorous). Solve:

bz~ —AT (0A)z = [|oxl| < [|ATH| l6A] Il
using ||MN|| < [|[M]| || N|| (lub norms, last lecture). Normalize:

9]

]

0A
< la~t ) j3a) = pay 4t 1AL
—— 4]l

K(A)

Sharpness: one can choose §A aligning with the worst directions of A~! so
the bound is attained: x(A) is the condition number itself, not merely an
upper bound.

Geometric reading (2-norm). x2(A) = Omax/0min: the ratio of the
largest to the smallest stretch of the map x +— Ax. ko = 1 exactly for
(multiples of) unitary matrices, whose image spheres are perfectly round.
Ko — 00 as A approaches singularity: indeed 1/k2(A) equals the relative
distance from A to the nearest singular matrix.

loall

el =

Perturbing b instead: Adx = &b gives the same constant,

/@(A)% (use ||b]| < ||A]l||z]]). Either data channel is amplified by at most

k(A).
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4.1.5 Assembling the Stability Story for LU

Backward error of the factorization: LU = A + § A with

[0A]
Trnnrn — O(emach)-
LI |U]]

So everything hinges on whether ||L|| ||U]| is comparable to || A]|l:

e No pivoting: ||L| unbounded (the 10%° multiplier) = §A can be
enormous relative to A = not stable.

e Partial pivoting: |/;3] < 1 = [L|| = O(1) (e.g. ||L], < n), and
IU|l < p(A) ||A|l-ish by the definition of the growth factor. Hence
16A[l /| All = O(p €mach)-

The whole question of Gaussian elimination’s reliability is compressed into
one scalar: how big can p(A) get? Worst case 2"~! (next lecture’s explicit
matrix), but essentially never in practice. Combined with the accuracy
theorem:

= O(k(A) p(A) €mach)-

4.2 Stability of LU with Pivoting; Interpolation

We first settle the worst case of the growth factor: an explicit n X n matrix
on which partial pivoting produces element growth 2"~!, so LU with partial
pivoting is not backward stable in the worst case. Yet decades of practice
show such matrices essentially never arise, a tension we discuss candidly.
We then open the interpolation unit: the polynomial interpolation problem,
its solution by the Lagrange basis, and the reasons (oscillation and global
coupling) why high-degree global polynomials are the wrong tool for large
data sets, motivating splines.

4.2.1 Backward Stability of LU Factorization with Partial Pivot-
ing (Continued)

This section exhibits Wilkinson’s worst-case matrix, on which the growth
factor attains its exponential bound, and discusses the gap between this
worst case and sixty years of successful practice.

Example 4.5. Large p(A)
Does the growth factor ever actually reach its exponential bound? It does,
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and the matrix that achieves it, due to Wilkinson, could hardly look more
innocent: ones on the diagonal, —1 everywhere below it, ones in the last

column, zeros elsewhere:

1 0 0
-1 1 O
-1 -1
-1 -1 -1

-1 1

c Rnxn

Watch what elimination does to it. At every step the pivot candidate on the
diagonal is a 1, and every entry below it is —1: tied in modulus, so partial
pivoting exchanges nothing, and the pivoted algorithm behaves exactly like
the unpivoted one. Eliminating the first column adds row 1 to every row
below, which changes only the last column, doubling its lower entries from

1 to 2:

0
0

0
0

0
0

0

1
0

1

e}

-1
-1

e

2n—3

2n72

2n—1

-1
-1

0
0

-1

|1

1
2

— O NN

-1
-1

0 0 0
0 0 0
1

0 0
-1 . 1 0
~1 - =1 1

Each subsequent step repeats the pattern: the last-column entries below
the current row double again, from 2 to 4 to 8, and after n — 1 steps the
corner entry has doubled n — 1 times. Meanwhile L simply collects the —1
multipliers, all perfectly bounded, exactly as partial pivoting promises. The
growth is entirely in U:

p(A) =

max; j, |wjk|

2n71

max; j, |ajk|
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To appreciate the scale: for n = 64 the growth factor is 263 ~ 9 x 10'8,
enough to wipe out all 16 digits of double precision, on a matrix that is
itself well-conditioned. The instability, when it occurs, belongs entirely to
the algorithm.

Example 4.6. Large p(A) (Continued)

What does the worst-case matrix mean for the theory? Taken over nonsin-
gular matrices A € C™ " of all sizes n > 1, LU factorization with partial
pivoting is not backward stable. The reasoning is direct: backward stability
requires ||0A|l /||All = O(€émacn) With a constant independent of the input,
but the theorem only delivers

16A] _

||A” = O(p(A) 6rnach)v

and Wilkinson’s matrix shows p(A) = 2""! — oo as n — oco: no uniform
constant exists.

And yet, in more than sixty years of scientific computing, matrices with
large p(A) have essentially never arisen in applications: growth factors ob-
served in practice are small, typically a modest power of n at worst. So we
are left with an honest but unusual state of affairs: the workhorse algorithm
of numerical linear algebra is provably unstable in the worst case and over-
whelmingly reliable in every case that occurs. The remark below records
the working conclusion that all of practical computation is built on.

Remark 4.7. Backward Stability of LU Factorization
LU factorization with partial pivoting is backward stable in practice!

4.2.2 Interpolation

We change subjects, from solving equations to reconstructing functions from
samples. Polynomial interpolation is the classical starting point. This sec-
tion proves existence and uniqueness by exhibiting the Lagrange basis; Stoer
and Bulirsch treat the subject in depth, including the Newton form and di-
vided differences that we omit.

Problem: Given n + 1 data points

(IL‘j,yj), ij,l,...,n (9)

where z;,y; € Rand zg < 21 <22 < -+ < Tp.
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Figure 7: Data points (x;,y;) interpolated by a curve y = p(z).

Find a “simple” function p that interpolates the data.

4.2.2.1 Polynomial Interpolation
Remark 4.8. Polynomzial Notation

P, GH:: {P(x):co—l—clx—i—--'—i—cnx” ‘ €0,Cly---,Cn ER}
n
= set of all (real) polynomials of degree <n

Theorem 4.9.
There is a unique P, € [[,, that interpolates the data (9):

n n
r — Tk
R W | =
j=0 k=07 k

k#j

(Lagrange interpolation formula)

Proof.
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P, is unique: Let @ € [],, be another interpolating polynomial. Then
D(z) = Pa(z) = Q(x) € [ |
n

Thus, D has at least n + 1 zeros. Since D is a polynomial of degree n, this
implies that D =0 = P, = Q. O

But...
Polynomials are usually not flexible enough.

Y

Figure 8: A high-degree interpolating polynomial oscillating wildly between
equally spaced data points.

Remedy: piecewise polynomials = splines

4.2.2.2 Splines

Given: data points (xo,v0), (z1,%1), (2,Y2)s - -, (Tn,Yn), where a := zy <
T < a9 << xp=:bandn > 1.

Definition 4.10. Spline
A function S : [a,b] — R is called a spline of degree k — 1 (order k) if

(a) S € Ck2[a,b]

(b) On each interval [z;_1,z;], j = 1,2,...,n, S(z) € [[,_,

4.2.3 Filling in the Details: Watching the Doubling Happen

In the worst-case matrix, no rows are ever exchanged (each pivot column
already has its maximum, 1, on the diagonal: all entries below are —1, tied
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in modulus, and ties keep the current row). Eliminating column 1 adds row
1 to each lower row; only the last column changes:

last column: (1,1,...,1)T = (1,2,2,...,2)T.

Step 2 adds the new row 2 to rows 3, ..., n: last column entries below become
4. Each step doubles them:

max ujp| 2771

Unn = 2n—17 p(A) =

max a1

With n = 64, p = 253 =~ 9 x 10'®: elimination would lose all 16 digits. Yet
the matrix is perfectly well-conditioned! The instability is genuinely the
algorithm’s.

Why doesn’t this bite in practice? Random and application matri-
ces exhibit p growing like a small power of n at most; the exponential exam-
ples are measure-zero curiosities. Statistical explanations exist (average-case
analysis), but the honest summary is empirical: 60+ years of scientific com-
puting rest on “p is small in practice.”

Uniqueness in the Lagrange theorem (the key counting argu-
ment): a nonzero polynomial of degree < n has at most n roots. The
difference D = P,, — ) of two interpolants has degree < n but n + 1 roots
(the nodes), forcing D = 0. This “dimension vs constraints” argument
returns for splines (Chapter 5) and quadrature (Chapter 6).

Lagrange vs Vandermonde: solving for coefficients in the monomial
basis means a Vandermonde system, which is notoriously ill-conditioned.
The Lagrange basis £j(z) = [[;.; ﬂfjia;;kk satisfies £;(x;) = 0j;, so the “sys-
tem” is the identity: the right basis eliminates the computation. Choosing
good bases is a running theme (B-splines, orthogonal polynomials, ... ).

4.2.4 Why Not Just Use One Big Polynomial?

Two distinct problems with degree-n interpolation for large n:

e Oscillation (Runge phenomenon): for equally spaced nodes the
interpolant of even a smooth bell-shaped function develops wild
boundary oscillations, and the error diverges as n — oc.

e Global coupling: moving one data point changes the polynomial
everywhere on [a, b].
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Splines fix both: low, fixed degree on each subinterval (no room to oscillate),
glued with just enough smoothness (C*~2), and, once we have the B-spline
basis, local dependence on the data. The price is bookkeeping: counting
how many free parameters survive the gluing. That count is exactly where
next lecture begins.

4.3 Notes and References

The worst-case growth factor example is due to Wilkinson, whose backward
error analysis of Gaussian elimination founded the subject; Higham sur-
veys the modern understanding, including the average-case behavior that
explains why partial pivoting succeeds in practice. Trefethen and Bau dis-
cuss the same tension. The perturbation theory of linear systems is classical
and appears in all of the references.

4.4 Exercises

1. Run Gaussian elimination with partial pivoting by hand on the 4 x 4
worst-case matrix of the text (diagonal 1, subdiagonal entries —1, last
column 1). Verify that no rows are exchanged and that the final entry
s ugq = 8.

2. Prove that with partial pivoting the entries of the intermediate ma-

trices satisfy max; ‘u%jl)‘ < 2max; ugzk)‘ at each elimination step,

and conclude the bound p(A) < 2771,
3. Show that x(A) = [|A]| [|[A7!]| > 1 for every induced matrix norm.

4. Derive the perturbation bound for the right-hand side: if Az = b and
o 0b
Az + 6z) = b+ 0b, then 1% < (49 1981
[l 161l
5. (Computing.) The Hilbert matrix H,, has entries 1/(i + j — 1). For
n =5,811,14, set x = (1,...,1)T, form b = H,z, solve the system
with backslash, and tabulate the relative error against ko(Hy,) €mach-
Do the results match the accuracy theorem?

6. (Computing.) Generate random 100 x 100 matrices with standard
normal entries and compute the growth factor p(A) of partial-pivoting
elimination for a few hundred samples. How large are typical values
compared with the worst-case bound 2997
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Chapter 5
Interpolation and Splines

This unit treats the reconstruction of functions from data. After polyno-
mial interpolation and its limitations, we develop spline interpolation in
depth: existence and uniqueness, the minimum-curvature optimality of cubic
splines, efficient construction via tridiagonal systems, and the B-spline basis
that makes spline computation local, stable, and fast.

5.1 Splines

This lecture introduces spline interpolation. After defining splines of order
k (piecewise polynomials of degree k — 1 glued together with C*~2 smooth-
ness), we carry out the degrees-of-freedom count showing that interpolation
determines a spline up to exactly k — 2 remaining conditions. For cubic
splines this leaves two conditions, and we catalog the four classical ways to
spend them: natural, not-a-knot, periodic, and clamped boundary condi-
tions. We close with the theorem that gives cubic splines their name and
their reputation: among all C? interpolants, they minimize the curvature

energy [(f")%

a=xp<x1 <9< - <xp=">
S € C*2[a, b]

S(CC) S H, rj 1 < xj
k—1
k> 2, korder, k—1 degree

5.1.1 Working with Splines

Piecewise polynomials avoid the failures of high-degree interpolation. This
section defines spline spaces, counts their degrees of freedom, and identifies
the boundary conditions under which cubic spline interpolation is uniquely
solvable. De Boor’s book is the standard reference for the entire chapter.

Example 5.1. Linear & Cubic Splines
k =2 = linear spline
k =4, = cubic spline
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—— linear spline
- cubic spline
N
N

a = To x1 x2 x3 rza=b T
Figure 9: Linear spline (solid) and cubic spline (dashed).

Remark 5.2. Counting Degrees of Freedom

On each [zj_1,2]: S=5;€][],_; = k coefficients.

= The total number of parameters = nk coefficients.

S € C*2. For each xzj, j = 1,2,...,n—1, S](-i)(wj) = S(i)(xj —-0) =

SO (2;40) = S](Ql(mj), i=0,1,...,k—2. = Thisis a total of (n—1)(k—1)
conditions.
Use a spline of degree k — 1 to interpolate the data (zo,vo), (z1,y1), -- -,
(-Tmyn):

S(xj):yj, j:0,1,...,n

= Another n + 1 conditions.
# coefficients — # conditions = nk — (n—1)(k—1) — (n —1)
=k—-2

Thus, we need to impose k — 2 more conditions in order to get a unique
spline.

Example 5.3.

For k = 2, there is a unique linear spline that interpolates the data.

For k = 4, we need 2 additional conditions to have a unique cubic spline
that interpolates the data.

5.1.1.1 Cubic Splines
k=4,8 e C%a,b],
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Remark 5.4. Additional 2 Conditions 1. Natural spline: S”(a) =
S{(a) =0, S5"(b) = S;(b) =0

2. Not-a-knot condition: we need that n > 3. SY(x1) = S§'(z1),
n—1(Tn-1) = Sy (Tn-1).

Y s,

I
I

I I

| | g
I I I
I I I
S
I I I

* * *
o 1 T2 T3 ra=b T

Figure 10: Spline pieces Sq, ..., S, joined at the knots a = zg < 21 < -+ <
T4 = b.

Recall: S1,5, € [[5, Si,S2 € C% S (21) = Si(xa) fori =0,1,2,3.
Thus, S1 = 59 for all zg < x < x9, i.e. 1 is not really a knot. Similarly,
Typ_1 is not really a knot.

= This condition is the default for Matlab’s spline function.

3. Periodic spline: Assume that the data is periodic, i.e. yog = yn
(S1(a) = Sn(b)).

4. Clamped spline: S7(a) =wvo, S, (b) = vy, where vy, v, € R are given.

Theorem 5.5.
For each of the 4 cases in Remark 17.4, there exists a unique cubic spline
that interpolates the data.

Remark 5.6.
Cubic splines are the “smoothest” interpolants among all interpolating func-

tions f € C?[a,b].
b 1/2
I = ([ 15 az)
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Theorem 5.7.

Let S be a cubic spline that interpolates the data. Let f € C?[a,b] be any
function that also interpolates the data: f(z;) =y;, j =0,1,...,n. Assume
that

r=b

S"(z)[f'(z) = S'(z)] =0.

Then [|5"[|y < [[f"l,-

r=a

Remark 5.8. Comment on Theorem 17.7

Theorem 17.7 does not apply for the not-a-knot condition because the as-
sumption does not hold, but it does apply for the other 3.

5.1.2 Filling in the Details: The Bookkeeping Behind £k — 2

Count carefully for order k on n subintervals:

free parameters: n pieces x k coefficients ‘ nk

smoothness: C*~2 at n — 1 interior knots, i.e. matching

S® §=0,...,k—2 (k—1 equations per knot) (n—1)(k-1)
interpolation at all n + 1 nodes n+1
nk—n—-1)(k—-1)—(n+1)=nk—(nk—n—-k+1)—n—-1=%k—2.

Sanity checks: k = 2 (linear): 0 extra conditions: connect the dots, uniquely.
k = 4 (cubic): 2 extra conditions, hence the four standard recipes for spend-
ing them.

Choosing among the four cubic closures:

e Natural (S” = 0 at both ends): simplest analysis, physical “free beam”
ends; but it forces zero curvature the data may not have, costing ac-
curacy near the boundary.

e Not-a-knot: uses no extra information; first two (and last two) pieces
merge into single cubics. MATLAB’s default. Best generic accuracy.

e Clamped: uses true endpoint slopes vy, v, if you know them; then it is
the most accurate.

e Periodic: for closed curves / periodic data.

The name “spline”: a draftsman’s flexible ruler pinned at the data points.
An elastic rod minimizes bending energy [(S”)?, precisely the quantity in
the optimality theorem. The mathematics reproduces the physical instru-
ment.
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5.1.3 Reading the Optimality Theorem Correctly

Statement shape: among all C? interpolants f of the same data (subject to
the boundary identity), the cubic spline minimizes || f”||,.

e The competitor set is huge (any smooth curve through the points), yet
a piecewise cubic wins.

e “Energy” ||f”||§ = ff(f”)2 penalizes curvature: the spline is the flat-
test possible interpolant, which is why spline interpolants do not os-
cillate.

e The boundary hypothesis S”(f" — S’)‘Z = 0 holds for natural (S” =0
at ends), clamped (f = S at ends), and periodic (terms cancel), but
not for not-a-knot. One theorem, three closures.

Proof next lecture: one integration by parts plus a Pythagoras-style decom-
position, worth following in detail, as the same “orthogonality” argument
underlies least squares and Galerkin methods.

5.2 Interpolation Error; Cubic Spline Construction

Two constructions occupy this lecture. First we prove the minimum-
curvature optimality theorem, a one-page argument whose two pillars
reappear throughout applied mathematics: an integration by parts made
possible by the piecewise-constant third derivative, and a Pythagoras-style
orthogonality decomposition. Then we construct the natural cubic spline
interpolant explicitly: eliminating parameters reduces the problem to a
symmetric tridiagonal linear system for the knot curvatures, which is
strictly diagonally dominant, hence uniquely solvable, and solvable in O(n)
operations without pivoting.

5.2.1 Proof of the Optimality Theorem

The optimality proof is short and instructive. Its two steps, an integration
by parts and an orthogonality argument, recur in least-squares theory and
in the analysis of Galerkin methods.
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b
§"(@)[f"(@) = 8" (@)] da 'E 5"(f' = )|~ | §"(@) [/ (@) - §'(@)] du
=0
= S [ P) - @) da

Next,

F(x) = 8"(x) + [f"(z) — 8" ()]
[ (2)]2 = [8" ()] + 28" (x)[f"(z) — §"(2)] + [f"(z) — §"(«)]”

b b b
515 = [1s" @R e 2 [ 875w - 8" @) dot [ (7@ - 8] da
P = 20
1= 1151l

5.2.2 Construction of an Interpolating Cubic Spline

Optimality does not construct the spline; this section does, by direct elimi-
nation. We parameterize each piece, impose the conditions in a productive
order, and watch the problem collapse to a small tridiagonal system. The
computation is longer than anything so far, but every step is elementary.

Constructing splines boils down to solving a tridiagonal linear system
(= you never have to pivot). We will only cover the natural cubic spline;
the other endpoint conditions are similar.
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Recall:

a=xg<x1<T9<- - <Tp=>b
S(xj) = yj, j=0,1,...,n
S(z) = Sj(z) = o + Bj(x — xj_1) +vi(x — 2j-1)* + dj(x — 2j-1)*
on [zj_1,xz;], j=12,...,n

Conditions:
1. Sj(xj—1) = yj—1, Sjlzj)=y; forj=1,2,...,n
2. (I‘]) ]—i—l(x]) j=1,2,...,n—1

3. 8Y(xj) = Sji1(zy), j=1,2,...,n—1

(
4. S{(x0) =0, S/(x,) =0 (natural spline condition)
From these conditions, we get:

1. aj =y;—1 and

vj = vi-1 = By — wja) + (w5 — 251" + 6w — wj)°
Aj =Y —Yj—1, fj =Tj—Tj-1 (Notation)
2. B+ 27& + 30,6 = Bja, j=1,2,...,n—1
3. 2’Yj + 65j§j = 2’Yj+1, j = 1,2, .5 n

4. 2v1 =0, 279, +60,6, =0 & 41 =0, ~yuqy1 =0 where y,41 =

Yn + 30n&n
3.
5. = VL
1. N ¢ N
Bj = — 75 — ('7j+1 'Yj) = J 7'](’7]4*1 + 2'7])
& & 3

Insert the newest (3) and (1) into (2):
A, A,

&7 +2(§+ 1) 741 +Ej 42742 = 3 ( I J) j=1,2,...,n-1
£]+1 f]
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(where y1 = 0, Y41 = 0).

[2(61 + &2) &2 ;

&2 2+8) & 72 !
. ) . V3 to

571—2 2(§n—2 + fn—l) fn—l
fnfl 2(61171 + gn)_

t»:_3<Aj+1—Aj> j=1,2...,n—1
7 €j+1 5] ) ) 4y )

Tn 751171

where

Remark 5.9.
The coefficient matrix of this system is tridiagonal, symmetric, and strictly
diagonally dominant:

20§ +&j41) > &+ & forall 4
= There exists a unique solution 2,73, ..., ¥n.
Furthermore, no pivoting is needed. The system can be solved in O(n) flops.
5.2.3 Filling in the Details: The Two Pillars of the Proof

Pillar 1: the orthogonality relation. Why does f; S"(f"—8")dx =07
Integrate by parts once (u=S5", dv = (f" — S")dz):

/ S/l/ f S/

o : : o _
Now S is piecewise cubic, so S” = ¢; (a constant!) on each [z;_1,z;];

/ S// 1! Sl/) S// f Sl

=0 (hypothe31s)

integrate piece by piece:

/S”’f SN => ¢lf I71:0,
J

because f and S interpolate the same values at every knot: f(x;) —S(x;) =
y; —y; = 0. Every hypothesis got used exactly once.

Pillar 2: Pythagoras. With g := f” — S”,

17715 = 118115 +2 S”;g>+|!g|!2 15"l
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S" and the residual are orthogonal in L?: the spline is the orthogonal pro-
jection flavor of optimality. Equality iff f” = S§” ie. f = S (they share
values and, integrating twice, the constants match).

Tracing the elimination to the tridiagonal system. Strategy of
the derivation, so the algebra does not obscure it:

1. Parameters: «j, f;,7;,0; per piece (4n unknowns), with &; = x;—z;_1,
Aj=y; —yj-1.

2. Interpolation at left ends = «; = y;_1: eliminates n unknowns for
free.

3. C? continuity (3.) = 4§, = % expresses all §’s through ~’s.

4. Interpolation at right ends (1.) = solve for §; in terms of v;,yj41.

5. Only C! continuity (2.) remains: substituting 3.—4. into it yields, for
j=1....,n—1,
A

A
&Y+ 2085 + §+1)vi+1 + G2 = 3( e 57),

with 71 = 41 = 0 (natural ends): an (n — 1) x (n — 1) tridiagonal
system for the interior +’s.

Note v; = %S” (zj—1): we are really solving for the curvatures at the knots.

5.2.4 Why the System Is So Nice
Diagonal dominance, quantitatively: in every row,

12(§5 + &j+1)| = 2(§5 + &j+1) > & + &j+1 = (sum of off-diagonal moduli),
strictly, since all §; > 0. Consequences:

e Nonsingularity: if M~ = 0, look at the index ¢ where |7;| is maximal,
the ith equation gives 2(&§ + &i41) |vi| < (& + &it1) |il, forcing v = 0.
Unique spline!

e No pivoting needed: diagonal dominance is preserved during elimi-
nation, so pivots never vanish and element growth is controlled (p < 2
for such systems).

e O(n) solve: tridiagonal LU (the “Thomas algorithm”) costs ~ 8n
flops (forward sweep plus back substitution). A million-point spline is
instantaneous.

The same matrix structure (symmetric, tridiagonal, diagonally dominant)
reappears in finite differences for ODE boundary value problems.
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5.3 B-Splines

To compute with splines efficiently we need a good basis for the spline space
Sk.a- This lecture determines the dimension of that space, k +n — 1, and
exhibits a first basis: monomials together with the truncated power functions
(x — a:j)]_fl, whose (k — 1)st derivative jumps at exactly one knot. The
jump functionals make the linear-independence proof clean and instructive.
Numerically, however, this basis fails on two counts, severe ill-conditioning
and global support, and its failure sets the specification for the basis we

actually want, the B-splines.

5.3.1 B-splines

For computation, the description of a spline matters as much as its existence.
This section determines the dimension of the spline space and exhibits a first,
mathematically convenient basis. Its numerical failure, documented at the
end, motivates the B-splines that occupy the rest of the chapter.

Given: A = {xzg,z1,...,2,}, where a = 29 < 1 < -+ < x, = b and
n > 1 (so that a < b). Recall that for the spline S of degree k — 1 (order k):
S € C*2[a,b] and S € [l onfzj—1,25],i=1,2,...,n.

Definition 5.10. S; A
Sk,a = the set of all splines of order k, k > 2.

It is easy to see that Sy A is a real vector space:
S,S€Skn, a€ER = S+85 €S, aS € Spa.
Also, [[;_; C Ska.-
Proposition 5.11. Dimension of Syn e On [xo,21]: k coefficients
e On [x1,z2]: k coefficients and k — 1 conditions = i.e. only 1 coefficient

e Similarly for [z;_1,2;], 7 =1,2,3,...,n.
So dim(Sga) =k +n—1.

5.3.1.1 B-spline Basis (1)

We consider this kind of basis composed of monomials, that is, p(z) = 2!,

1=0,1,2,..., and truncated powers of degree k — 1:

(—z)" v >y
0 r <

Folo) = =it = G 01 = {
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l
)t = (k= (k= 2) (= 1= D )

dat
So (z — xj)]j__l € C*2a,b], (r— $j)]_€|__1 € Si.a, and
dr1 k1 0 T < xj
—(x —x; =
dwk—l( i) (E—1)! 2>

Theorem 5.12.
The set

B = {]-a L, .’E2, s a'xk_l’ (‘T - l‘l)ﬁilv (33 - xZ)]jjla R (33 - 'Infl)ﬁ_il}
is a basis for S; A.

Proof. We only need to show that the k£ 4+ n — 1 functions in B are linearly
independent. Let

k—1 n—1
Sa) =Y aal+) Bi(x—=z) =0
1=0 i=1
forall a <ax <b. Foreach j=1,2,...,n—1,
0=8*D(z; +0) - SED(z; —0)
dk—l 3
= BJ (dxk’_l (.’E - x])i !
= Bk — 1)\

Thus, 3; =0 for j =1,2,...,n —1, and

k—1
S(z) = Zalxl =0
=0
foralla <z <b. Soa;=0forl=0,1,...,k— 1, and thus the functions in
B are linearly independent. O
However, the basis B is useless in practice:
e [ll-conditioned
e Global support. supp z' = [a, b], supp(x—xj)i_l = [z}, b]. It is more

efficient to have a basis function with local support only.
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5.3.2 Filling in the Details: Smoothness of Truncated Powers

Fix the knot z; and let ¢(z) = (x —:Ej)ffl. Away from z;, ¢ is a polynomial
(either 0 or (z — z;)k~1). At z;, differentiate each side [ times:

V@) =k -1Dk—=2)-(k—1)(z — xj)lj_—l—l7

For [ < k— 2 the exponent k —1—1 > 1 is positive, so both one-sided limits
at x; are 0: the derivative matches, ¢ € Ck=2. At | = k — 1 the exponent
hits 0 and

¢(k71)(x]—) =0, ¢(k*1)(x;") =(k-1":

a jump of exactly (k — 1)!. So ¢ has precisely the spline smoothness: as
much as possible without being a global polynomial.

That jump powers the basis proof. In the linear-independence ar-
gument, applying the jump functional J;[g] := g(kfl)(:v;') - g(kfl)(xj_) to
S =5t +3, Bilw — xi)l_fl = 0 kills every term except one: monomials
are C*° (no jump), and (m—z:i)’fl with ¢ # j is smooth at 2;. What survives
is Bj(k—1)! = 0. The functionals Ji, ..., J,—1 pick off the 3’s one at a time;
then the monomials’ independence finishes it. Pattern to remember: to
prove independence, find functionals that annihilate all basis elements but
one.

Dimension check: k£ monomials +(n — 1) truncated powers = k+n — 1
= dim Sy A, matching the coefficient count (k on the first interval, one new
freedom per additional knot).

5.3.3 Why This Basis Fails in Practice

e Ill-conditioning. For close knots z; ~ xj41, the functions (a:—xj)l_fl

and (z — 2;41)%"" are nearly identical over most of [a,b]: columns of
the collocation matrix become nearly parallel, x explodes. (Compare:
{1,2,22,...} on [0,1], all monotone increasing and similar-looking;
the same disease.)

e Global support. supp z! = [a,b] and supp(x—:cj)]_fl = [z}, b]: every

evaluation of S(z) touches O(n) terms, every data change touches most

coefficients, and interpolation matrices are dense (triangular-ish, but
full).

Wish list for a good spline basis: nonnegative, supported on only k consec-

utive intervals, summing to 1, well-conditioned. All four wishes are granted
by the B-splines, constructed recursively next lecture.

102



5.4 B-Splines of Order k

This lecture constructs the B-spline basis. After handling the interval end-
points by repeating the boundary knots k times, we define the B-splines N;x
by the Cox—de Boor recursion and run the recursion by hand from character-
istic functions (k = 1) through hat functions (k = 2) to smooth bumps. We
then establish the five structural properties (local support, nonnegativity,
partition of unity, C*~2 smoothness, and piecewise degree k — 1) that make
B-splines the universal representation of splines in computation.

5.4.1 B-Splines

This section sets up the knot sequence with repeated endpoints, the technical
device that makes the B-spline family behave correctly at the boundary of
the interval.

B-splines are basis functions for Sy A with desirable properties.

1
I
I
I
I
I
I I
I I
I I
I I
. "
Zo T €2 T Tn—1 Tn €T

Figure 11: A piecewise linear spline S o through the data points.

Example 5.13. k =2 (Linear Splines)
B-splines for Sy A are the hat functions.

Yy
N;
| /\
la=20 z1 @ oz . Tnol g, =bX

Figure 12: Hat functions on the knots; N; is supported on [z;_1,2j41].
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n+1

S(z) = Z Yi—1Nio(x)
i—1

S(xi—l):yi—la 1=1,2,...,n+1

Note: the end points xg and z,, are special: for k = 2, we count zg and x,,

“twice.”

For general k£ > 2:

k times k times
xo < T < 9 << w1 < Tn
~~ ~N ~—~— ~~~
TI=T2=""=Tk Th+1 Th4-2 Thtn—1 Th+n=Tk+n+1="""=T2k4n—1

5.4.2 Construction of B-Splines of Order k£ (> 2)

The B-splines are defined by the Cox—de Boor recursion, one of the most
useful recursions of approximation theory. This section states it and begins
establishing the basic properties; de Boor’s book develops the full theory,

including derivative and integral formulas that we do not need.

71 <1< <7, T1,T2,...,71 €ER
l=2k+n—-1
l—-k=k+n-1
=dim S, A

Definition 5.14.

The B-splines N;j of order k (> 2) (associated with (10)),7=1,2,...

are defined recursively as follows:

A i=1,2,...,1—1
‘ ' 0 otherwise ’ Ty
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Ni1 Nit1a Nit21

Ti Ti+1 Ti+2 Ti+3 X

Figure 13: The piecewise constant B-splines N;1, N;11,1, N;421 on the knots
Tiy ey Ti+3-

For j=2,3,...,k:

LT Titjg — 2 . .
N;i(x) = —— N, i _1(x)+————N;11.i_1(x), 1=1,2,...,1—j
5(E) = T N @) N (@)
(11)
Conventions:

1. 8 =0if 745 — 7, =0 or 734 — 741 = 0. For example, if 7; = 7,41 =

e — Ti+k'

Ni,jfl(l') =0
N,L'Jrl’j,l(l') =0

2. Nig(m) :== lim Ny (z)

LI:—)TZ
N2 Nit1,2 Nit2,2
Nis Nit1,3
Ti Ti+1 Ti+2 Ti+3 Ti+4 T

Figure 14: Order-2 hat functions (top) and order-3 quadratic bumps (bot-
tom) on the knots 7, ..., Ti14.
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Note:
Niy(1i) = Nfg(i) =0
Niy(Tita) = Nij(Tiza) = 0
Properties

(a) supp N, C [TiaTi-i-k]
(b) Nix(x) >0 for all x € |1, 7]

1=k

(¢) > Nig(z) =1forall x € [ry, 7], i.e. the Ny’s form a partition of unity
i=1
on [r1, 7]

(d) Ny € Ck_Q[Tl,Tl]

(e) Ny, € kal on [Tj,Tj+1], j=12,...,01—1

Yy
Nig
2
3 N/,=N/, =0
at 7; and 744
| 7 Ti+l  Ti42  Ti43  Titd X

Figure 15: The cubic B-spline N;4 supported on [7;, 7t4].

5.4.3 Filling in the Details: Running the Recursion by Hand

Take equally spaced knots 7; = ¢ and build upward. Order 1: boxes, N;; =
1j;i41)- Order 2:

(i+2) T —1 1<zx<i+1

T —1 1 -

NQ(.Z‘): 1 Nﬂ(l‘) 1 Ni+171(.7}): t+2—x 1+1<xr<i+2
0 else

which is exactly the hat function: up-ramp times the left box plus down-
ramp times the right box. Order 3 blends two hats into a C' piecewise-
quadratic bump on [i,i + 3]; order 4 gives the C? cubic bump on [i,i + 4].

Xr—Ty
Titj—1—Ti
1 across the support of its factor, and the two weights are not required to
sum to 1, yet the resulting family still sums to 1 (property (c)).

Reading the recursion: each weight rises linearly from 0 to
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Two of the properties, proved by induction on j:

(a) Support. Nj lives on [r;, Ti41]. If N;j—q lives on [r, Ti4;—1] and
Nit1,j—1 on [Ti41, Ti+;], their combination lives on the union [7;, 74;]: each
order gains one interval. Hence cubic B-splines (k = 4) touch only 4 inter-
vals: locality.

(¢) Partition of unity. Sum the recursion over ¢ and reindex the second
term (7 +1 — 4):

ZNM:Z[ ToT Ti+j1—$]NiJ1:ZNi7j1:...:ZNi1 = 1.

Titj—1 — Ti  Titj—1 — T

The two weights multiplying the same N; j_1 (one from Njj, one from N;_q ;)
sum to exactly 1; this identity carries the induction.

Why repeat boundary knots k£ times? The 0/0 := 0 convention
then makes the leftmost B-spline start at height 1 at z = a (it degenerates
to a one-sided function), so interpolation at a and b works and the basis
“clamps” the interval ends. Interior knots stay simple, preserving C*—2
there.

5.4.4 The Five Properties as a User’s Contract
For S(z) = >, 7N (z):

e (a) local support = at any x only k terms are nonzero: evaluation
in O(k?), banded interpolation matrices, local data edits.

e (b) Njy >0 and (c) >, Ny =1 = S(x) is a convexr combination of
nearby coefficients: min;y; < S(z) < max; ;. No overshoot, no wild
oscillation, and excellent conditioning (||S]|,, < max |y;|).

e (d) C*¥2 and (e) piecewise [1;_1 = each Ny, € Sp a: we are inside
the right space, and (next lecture) they form a basis of it.

This contract is why B-splines power CAD, computer graphics (NURBS),
and finite elements (isogeometric analysis).
5.5 B-Splines: Properties and Evaluation

We complete the B-spline story by turning the recursion into algorithms.
The triangular evaluation scheme computes all B-spline values at a point in
O(k?) operations, independent of the number of knots, using only convex
combinations of nonnegative numbers; the computation is unconditionally
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stable. Choosing knots with multiplicity k at the boundary makes the N;
a genuine basis of Sj A, and spline interpolation becomes a banded linear
system solvable in O(n) time. The coefficients (de Boor points) acquire a
geometric meaning that underlies computer-aided design.

5.5.1 B-Splines (Continued)

This section completes the structural properties and turns to algorithms:
evaluating a spline from its B-spline coefficients, and solving the interpola-
tion problem.

<< <7 (12)
For j=2,3,...,k: Nijj(z) =---N;j_1(x) + - Niy1,j-1(x), i=1,2,...,1—j (the recursion (11
Nito N\
Nz N\
Nyy Niz N\
Ny
N3 : ; Ny,
: N30 ™\ Ni_kk
Ni—a1 Ni_z3z
Niop
N1

5.5.1.1 Efficient Evaluation for n <z <7
Determine j such that 7; <z <741 (1 <j <1, j is unique).

le(ZL') =1
Nji(z) =0 ifi#
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Ny j(xz) (column j)

Njs(z)
Nji—j(xz) (column [ — j)
5.5.1.2 Back to S, A
Choose the 7;’s (12) as follows:
a :a:0<\m’14<\33,2/<--~<@;£< w
T S e e R

Setl:=n+2k—1 (=l-k=n+k—1=dimS;a).
Corresponding B-splines of order k:
Nig, Nog, -« o, Nptk—1k

Theorem 5.15.
The B-splines Ny, i = 1,2,...,n+ k — 1 form a basis of Sy A.

y Z/‘\v”:l

Nisg N2y Nzs Nig Nsa

Figure 16: supp Nja C [73, Tit4]. Also, Y. Nu(z) = 1.

Notes:
1. The representation
n+k—1
S(x)= Y %lix(x)
i=1

of any S € S A is well-conditioned.
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2. The coefficients v;, i = 1,2,...,n+k —1 are called the de Boor points

of S.
n+k—1
3. Since Njyg(z) > 0 and > N;(x) = 1 for all @ < z < b, the
=1
n+k—1 ’
S(x) = > 7iN(x) is a convex combination of the de Boor points
i=1

V1,72, - - -, Vi for any fixed x € [a, b].

Example 5.16. Cubic Spline with Not-A-Knot Condition
k=4,n>3.

X0 <1< T2 << Tp2 < Tp_1< Tn
~~ ~~ ~—~— ~~
=T1=T2=T3=T4 =T5 =Tn+1 =Tn+2=Tn+3=Tn+4=Tn+5

Il =n+5. Corresponding B-splines Ni4, No4, ..., Npt1.4.

n+1

S(x) =Y viNu(z)
=1

Interpolating Conditions:

S(xj—l):yj—la j=1,....n+1

it Yo
V2 Y1

M . =
Yn+1 Yn

where M = [mj;]ji=12,. ny1 With mj; = Nig(z;-1).

5.5.2 Filling in the Details: The Evaluation Scheme, Quantified

To evaluate at one point = with 7; <« < 7j41: only Nji(x) = 1 is nonzero at
order 1, and by the support property only N;_;y1;,...,N;; can be nonzero
at order 7. So the triangular table has 1+2+---+k = @
computed from two below it with ~ 5 flops:

entries, each

cost = %k:2 flops, independent of n.

For cubics: a few dozen flops per point, ever, no matter how many knots.
Moreover every entry is a conver combination of nonnegative numbers: no
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subtractions, no cancellation; the algorithm is unconditionally stable. (This
is de Boor’s algorithm in its simplest form.)

The interpolation matrix is banded. With mj; = N;;(x;_1): at the
node z;_1 at most k£ B-splines are nonzero, and they are consecutive in 1.
So M has bandwidth & (cubics: at most 4 nonzeros per row, in fact 3 at
interior nodes since one B-spline vanishes at each knot). Consequences:

e storage O(kn), factorization and solve O(k?n), linear in the data size;

o M is “totally nonnegative”; solving with elimination without pivoting
is provably safe here;

e compare: the truncated-power basis gives a dense, exponentially ill-
conditioned matrix. Same space, same spline; the basis makes the
computation.

5.5.3 De Boor Points: Geometry of the Coefficients
Because N;;, > 0 and ) ; N;; = 1, at each fixed z,

S(z) = Z%Nm(m)

is a convex combination of the de Boor points ~; (weights: nonnegative,
summing to 1). Hence:

e min;vy; < S(x) < max;~;: the spline lies in the “control polygon’s”
shadow; coefficients look like the curve.

e Perturbing the coefficients moves the spline by at most the same
amount: |[|AS| . < max;|Av;|; the representation is perfectly con-
ditioned in this sense.

e Changing one 7; changes S only on [r;, 7;1]: local control, the property
CAD designers need when dragging one control point.

This is the payoff of the whole B-spline development: a basis in which splines
are stable to compute, cheap to evaluate, and geometrically intuitive to
manipulate.
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5.6 Notes and References

De Boor’s A Practical Guide to Splines is the standard reference for ev-
erything in this chapter, including the B-spline recursion, the evaluation
algorithms, and the total-nonnegativity results mentioned in passing. Deu-
flhard and Hohmann covers interpolation and splines in the style of these
notes. The minimum-curvature property goes back to Holladay; the physical
spline analogy predates the mathematics.

5.7 Exercises

1. Construct the Lagrange interpolating polynomial through the points
(—-1,2), (0,1), (2,7), simplify it to the monomial form, and verify the
interpolation conditions.

2. (Computing.) Interpolate the Runge function f(z) = 1/(1+ 25z%) on
[—1,1] at n 4+ 1 equally spaced nodes for n = 5, 10,20, and plot the
interpolants against f. Describe the behavior near the endpoints as n
grows.

3. Carry out the degrees-of-freedom count for quadratic splines (k = 3)
and show that interpolation determines the spline up to exactly one
extra condition. Propose a reasonable choice for that condition.

4. Show that the hat functions form a basis of S A: they are linearly
independent, they lie in the space, and their number equals its dimen-
sion.

5. On the uniform knots 7; = 4, compute the quadratic B-spline Ny3 ex-
plicitly from the recursion, obtaining its three parabolic pieces. Verify
that it is C! at the interior knots and vanishes outside [0, 3].

6. Specialize the tridiagonal system for the natural cubic spline to equally
spaced nodes §; = h and show that the coefficient matrix has rows
(h, 4h, h). Solve the system by hand for the data (0,0), (1,1), (2,0),
(3,1) and write out the spline on the first subinterval.

7. Complete the equality case of the minimum-curvature theorem: if f is
a competing interpolant with || f”||, = ||S”||,, show that f = S.

8. (Computing.) Compare spline (not-a-knot) and interp1(...,’linear’)
in MATLAB, or the SciPy equivalents, on f(z) = sinx sampled at 9
points on [0, 27]: plot both interpolants and the pointwise errors.
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Chapter 6
Numerical Integration

We construct and analyze quadrature rules: the interpolatory Newton—Cotes
rules and their compound versions, Gaussian quadrature with its optimal
degree of exactness, the nested Gauss—Kronrod pairs used in software, and
adaptive algorithms that concentrate work where the integrand is difficult.

6.1 Numerical Integration; Quadrature Rules

We open the quadrature unit. After framing the general form of a quadrature
rule (nodes, weights, and a remainder), we derive the trapezoidal and Simp-
son rules by integrating interpolants, obtain their error terms, and observe
the bonus degree of exactness that symmetric rules enjoy. Compounding the
rules over subintervals gives methods of orders h? and h*, and comparing
a rule with its refinement yields a computable error estimate at almost no
extra cost. This idea is the seed of Romberg integration and of the adaptive
algorithms to come.

6.1.1 Numerical Integration

We turn to the approximation of definite integrals. The general form of
a quadrature rule is fixed in this section; the rest of the chapter concerns
the choice of nodes and weights. Davis and Rabinowitz is the encyclopedic
reference for the subject.

/\/ o

I:/abf(a?)dx

Y

I

I

I

I

I
+
a

b
Figure 17: The integral I = f: f(x) dx as the area under the graph of f.

Problem:
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Evaluate

= / e
where f : (a,b) — R is integrable on [a, b].

Quadrature Rules
n

I~ wif(x)
i=1
where a < z1 < a9 < -+ < x, <band w; € R.

R, = Zwif(aci) — I = (remainder or error)

6.1.2 Examples of Quadrature Rules

The two classical rules, trapezoidal and Simpson, arise from integrating
interpolants. This section derives both with their error terms and assembles
the compound versions used in computation.

1. Trapezoidal Rule. The simplest useful rule comes from the simplest
useful approximation: replace f on [a,b] by the straight line (chord)
through its endpoint values, and integrate the line instead. The area
under the chord is a trapezoid, whence the name:

Y

~
—~
S
=
>
~
—~
>
N

ER{OE (0

ISR S

Figure 18: The trapezoidal rule approximates I by the area of the trapezoid
under the chord.
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Ry = (b—a)®=fP(¢) for some ¢ € (a,b)

Thus, the trapezoid rule is exact for polynomials of degree < 1, as it
must be: a polynomial of degree < 1 is its own chord. The error term
involves f”, the quantity that measures how far f bends away from
any straight line.

. Simpson’s Rule. To do better, interpolate at three points instead
of two, the endpoints and the midpoint, and integrate the resulting
quadratic:

Yy
p2(x)
% e
3 Iz/ :pg(l)d’l 3
; - —

2

Figure 19: Interpolate the 3 points with a quadratic function.

1= (s ar (U50) +50)

b b 2
n=3, r1=a, 332:%, r3=>b, wy =wz="5% ws=3(b—a).

Rs :=(b— a)E’ﬁf(A‘)(f) for some ¢ € (a,b)
Thus, Simpson’s rule is exact for polynomials of degree < 3, one degree
more than the quadratic interpolation used to build it would suggest.
Where does this extra degree of accuracy come from? The answer is
symmetry: for a cubic, the error committed on the left half of the in-
terval exactly cancels the error on the right half, as the shaded regions
in the next figure show for the model case y = 3.
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shaded areas cancel
by odd symmetry

(_17 -

secant

Figure 20: Simpson’s rule for y = 2% on [~1, 1] is exact.

3. Compound trapezoidal rule. A single trapezoid across [a,b] is crude,
but the error scales like the cube of the interval length, so cutting the
interval into small pieces pays off rapidly: apply the rule on each piece
and add. Let s > 1 be an integer and set t; = a +h, 1t = 0,1,...,s,

b—a

where h = .

Y

to=a  t1 to t3 tq ts=b X
>

h

Figure 21: The compound trapezoidal rule on subintervals of width h at
to=a,t,...,ts =b.
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[f( )+f( z+1)]

%
LI
| >

= g[f(a)+2f(a+h)+2f(a+2h)+---+2f(b—h)—i—f(b)]

—h Bf(a)+f(a—|—h)—|—f(a+2h)—|-'--+f(b—h)+;f(b)
=:Ts+1

where s + 1 is the number of points used. Error:

1
Rey1=Tsp1 — I = sh3ﬁf(2) &) for some ¢ € (a,b)

Tsy1 involves s 4+ 1 points  (h = *=2).
Tos11 involves 2s + 1 points (iL =b-a %)

(5@ + fla+ )

Tost1 =

w\:<?‘>

+ flat2h) 4 f(b—20) 47— B+ 370)]
SN——r SN———

f(a+h) f(b=h)
1
= 5 s+1

+h|flat h)+ fla+3R) + -+ f(b—3h)+ (b~ )]

Consequence: Once we have Tsy1, the approximation 754 can be
obtained with s additional function evaluations! We can also estimate
the error of Ths1:

1
Rop1=Ts1 —1=(b— a)ﬁh2f(2)(§)
Rasir = Tonsr — T = (b— )= 126
92s+1 = o511 = )15
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Assume that f®)(¢) ~ f®)(£). Then

RQS—H ~ ZRS-i-l .
But:

Tos+1 — Tsq1| = [Rasy1 — Ryt
3
= Z ‘Rs—l-l’
So an error estimate for Ts11 ~ |Rgy1| =~ % |Tos+1 — Tsy1|. Approxi-

mate integral:
I~ Togys.

Conservative error estimate:

4
3 |Tos41 — Tst1] -

6.1.3 Filling in the Details: Where the Error Terms Come From

Trapezoid. Interpolate f linearly at a, b and integrate the interpolant. The
interpolation error formula gives

£o) () = ) o) ),

and integrating (the factor (z — a)(z — b) < 0 has one sign, so the mean
value theorem for integrals applies):

1" b —a)3
I — (b_a)f(a);rf(b) _ 2(6) / (x —a)(z—b)de = —(bIQ)fﬂ(f)-

Sign says: for convex f (f” > 0) the trapezoid overestimates; draw the
chord to see it.

Simpson’s bonus degree. Simpson integrates its quadratic inter-
polant, so degree < 2 exactness is built in. Degree 3 comes free by symmetry:
for f(z) = (x — “T'H’)?’, both the exact integral and the rule give 0 (odd func-
tion about the midpoint; the weights %, %, % are symmetric). Hence the error
involves f @), not f () order jumps from h* to h® per panel. Midpoint rule
enjoys the same symmetry bonus. Symmetric rules gain a degree.
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The error-estimate algebra (Richardson’s idea), cleanly: with
Rsi1 = Ch* and Rasy1 = C(h/2)* = 2Ch? (same C if f” barely varies),

Tosi1 — Top1 = Rosp1 — Rep1 = —3Ropq
= |Rog1| = 3 |Toss1 — Topa|,  |Rass1| = 5 [Tost1 — Total-

So the difference of two computable numbers estimates the error of each.
One can go further: % cancels the h? term entirely, and the result
is exactly compound Simpson (Romberg integration iterates this.)

Reuse bookkeeping: halving h only adds the new midpoints; old func-
tion values are all recycled. Cost of the refined estimate = s new evaluations,
not 2s+1.

6.1.4 Choosing h: a Worked Budget

Compound trapezoid, |R| < “2h?max|f”|. Suppose [a,b] = [0,1],
max |f”| < 10, target 10~%:

Br?2<107® = h<1.1x107* = ~ 9,000 points.
Same target with compound Simpson (|R| < bl_Tgh‘l max ’f(4)" say
max ‘f(4)} < 100):

%ML <107® = h<0.012 = = 90 points.

Two orders of magnitude cheaper: higher order pays off once f is smooth.
If f is not smooth (kinks, singularities), the rates degrade and adaptivity
(Section 6.4) becomes the right tool.

6.2 Quadrature Examples; Gaussian Quadrature

After consolidating the bookkeeping of the compound Simpson rule, we ask
how much accuracy n function evaluations can buy. Counting parameters
suggests that n nodes and n weights might integrate polynomials of degree
2n — 1 exactly, twice the naive expectation. Realizing this bound is the
achievement of Gaussian quadrature: the nodes must be the zeros of the
nth orthogonal polynomial for the interval, objects we construct by Gram—
Schmidt orthogonalization and whose zeros we show to be real, simple, and
interior. The weights are then determined by exactness on polynomials of
degree < n — 1.
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6.2.1 Examples of Quadratures (Continued)

This section completes the bookkeeping of the compound Simpson rule and
begins Gaussian quadrature, which answers the question of how much accu-
racy a fixed number of function evaluations can buy.

4. Compound Simpson’s Rule. s > 1, h = bz_—s‘l

Y

@  a+h a+2h a+3h a+4h b—h b x
> >
panel: 2h h = b=a

2s

Figure 22: Nodes of the compound Simpson rule: panel endpoints (solid)

. . . b
and panel midpoints (open), with h = 5%,

b s—1 ng42(i+1)h
I:/a f(x)de = ;/aﬁih f(x)dx
~ 2] f(@) £ 47 (a+ h) + Ja+20)

3
+ f(a+2h) +4f(a+3h) + fla+4h) +-- + f(b—2h)

+f(b=21) +4f(b = 1) + f(b)]

~~

~ g[f(a)+4f(a+h)+2f(a+2h)

+4f(a+3h)+2f(a+4h) +---+2f(b—2h)
+4f(b—h)+ f(b)]
= S9s+41

This uses 2s + 1 points. Remainder:

h4
Rosy1 = Sasp1 — I = (b— a)@f(‘l) (&) for some ¢ € (a,b)
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If we double s:

1
Rysi1 = ERQSH

Approximate integral: I ~ Sys41
Conservative error estimate: % |S4s+1 — S2s+1]

Efficient Implementation

S s—1
Sps1 = g {f(a) +4) fla+@2i—Dh)+ f0)+2) ) fla+2kh)|,
k=1

j=1
b—a
h= 2s
h 2s—1
= 2| f@+2 Y fla+in) + £0)
=1
=:Aos41
+2> fla+ (25— 1)h)]
j=1
h -
Sist1 = ra [Ass41 + Bas]
4s—1 h
where Agsr1 = fla) +2 Z f (a + i2> + f(b)
i=1

2s
and By = QZf <a+ (2j — 1)2)

=1

We get Aysy1 for free because

2s5—1 2s
A= @) +2 Y flat b+ 042 Y 7 (a+@i-03)
Ry (2jj—:11:i)
=Aast1
= Agsy1 + Bas
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Consequence: To obtain Sysy1 from Sog1q = l)gTa(A25+1 + By), we only
need to compute

2s

By =2 fla+(2j —1h), A

j=1

| >

and set

Ays1 = Aze1 + Bog
b—a

Sasy1 = E(A4s+1 + Bay)

. Gaussian Integration. So far all the formulas we’ve seen have been of
the form

b n
I= / fl@)de =Y w;if(z;) (13)
a i=1

but with the nodes fixed in advance (endpoints, midpoints, uniform
grids), leaving only the n weights to tune. Now release the nodes
too. The expression then has 2n degrees of freedom, n nodes and n
weights, and since dim[[,,, ; = 2n, we may hope to integrate exactly
all polynomials of degree < 2n — 1, roughly twice the degree the same
number of function evaluations achieved before. The remarkable fact is
that this hope is realized, by one specific choice of nodes. For Gaussian
integration, we choose a < x1 < x93 < -+ < x, < b to be the zeros of
the nth orthogonal polynomial p,(z) = 2™ + --- € [],, defined by

b
/ p(z)pn(z)dr =0 for all p e H

(a=—-1,b=1, py(x) = 7y - (nth Legendre polynomial).)

The w;’s are chosen such that (13) is exact for all f €[], _,, i.e.

b n
/ f(x)dfﬂzzwif(ﬂfi), fe H
“ 1=1 n—1

(For example: f(z) =27, j=0,1,...,n—1.)
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In this case, we get a linear system:

1 1 1
- - . w1 b—a
1 2 n 132 2
22 22 .. z2 w2 §(b —a”)
1 2 n . =
_1 _1 no1l [wn %(b” —a")
LT Lo Tn

6.2.2 Filling in the Details: Orthogonal Polynomials from
Scratch

Equip [[., with the inner product (p,q) := ffp(x)q(x) dr. Run Gram-—

Schmidt on 1,z,22,...:

—1
po=1, —x”—nz:<xn’pj>p-
- bl n — .

By construction p,, is monic, and (p,, ¢) = 0 for every ¢ € [],,_;. On [—1,1]
these are (rglonic multiples of) the Legendre polynomials: p1 = x, po = ZEQ—%,
pgzx?’—gx,

The nodes are usable: the zeros of p, are real, simple, and lie in
(a,b). Sketch: let x1,...,z,, be the sign changes of p, in (a,b) and ¢(z) =
[[(z — ;) € [],,- Then p,q > 0 and # 0, so (p,,q) > 0, but orthogonality
forces this to vanish if m < n — 1. Hence m = n: all n zeros are inside and
distinct. (For n = 2: nodes £1/1/3, weights 1, 1; try it on fil 2?2 dx.)

Two ways to get the weights.

1. Moment equations (the Vandermonde system above): impose exact-
ness on 1,z,...,2"!; the matrix is Vandermonde in the (distinct)
nodes, hence nonsingular, so the w; exist and are unique.

2. Lagrange shortcut: exactness on [[, ; means w; = f: li(x) dx, the
integral of the ith Lagrange basis polynomial. Same numbers, no
linear solve.

Bonus fact (from the theory): all Gaussian weights are positive, crucial for
stability, since positive weights mean no cancellation and ), |w;| = b —a
stays bounded as n grows. (Newton—Cotes rules lose exactly this property
for large n, which is why they are never used at high order.)

In practice, nodes and weights are not computed from these definitions
but from an eigenvalue problem for a tridiagonal “Jacobi matrix” (Golub—
Welsch), a preview of Chapter 7.
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6.2.3 The Degrees-of-Freedom Heuristic, Audited

Counting: n nodes + n weights = 2n parameters; dim[[,, ; = 2n. The
count suggests degree 2n— 1 might be reachable, but counting alone guaran-
tees nothing (the equations are nonlinear in the nodes!). The achievement
of Gauss:

e the specific choice “nodes = zeros of p,” decouples the nonlinearity:
with those nodes fixed, the weights come from a linear problem, and
exactness on [[,, ; follows by the division argument (next lecture’s
theorem);

e degree 2n — 1 is also optimal: no rule with n nodes is exact on [],,
(we will see the one-line proof next time).

Efficiency comparison at n = 5: Gauss integrates degree-9 polynomials ex-
actly; Newton—Cotes with 5 points only degree 4 (5 with symmetry).

6.3 Gaussian Integration

This lecture proves the two main theorems of the quadrature unit: Gaus-
sian quadrature is exact on polynomials of degree 2n — 1 (by a division-
with-remainder argument in which orthogonality and the choice of nodes
each contribute one line), and no rule with n nodes can do better (test the
square of the node polynomial). We then weigh the practical pros and cons
of Gaussian rules; their one drawback, that refining the rule discards all
previous function values, is repaired by the Gauss—Kronrod construction,
which extends an n-point Gaussian rule to a nested (2n + 1)-point rule and
provides the error estimator used in modern software.

6.3.1 Gaussian Integration (Continued)

This section proves the two theorems that characterize Gaussian quadrature:
exactness on polynomials of degree 2n — 1, and the optimality of that degree.
It then addresses the practical drawback of Gaussian rules and its resolution,
the Gauss—Kronrod pairs.

b n
I= / f(z)dr ~ Zwif(xi) (14)
a i=1
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Choose the x; as the zeros of the nth orthogonal polynomial p,(z): a <
T < X9 < - < xp < b. The w;’s are chosen so that

b n
/ f@)de =S wif (1)
a i=1

for all f e[, ;-
Theorem 6.1.
(14) is exact for all p € [[,,,_;-

Proof. Let p € [],,_;- 0= ff pn(x)q(x) dx for all ¢ € T],,_;. Polynomial
division:
p(z) = pa(x)g(w) +r(x)  where g,r € []

n—1

/abp(x) de = /abpn(:c)q(x) dr  + /abr(x) dr

=0Db/c
pn=nth orthogonal polynomial

= Z wﬂ“(l‘i)
=1

n =0
— Z W [pn(xi) q(xz) + T(xl)]

=p(i)

= Z wip(;)
i=1

6.3.1.1 Pros and Cons of Gaussian Integration

Pros Cons

e Optimal Accuracy e When n is increased, old val-

ues f(x1), f(z2),..., f(xn)

e Can be used for functions cannot be reused

with singularities at = a
or x = b (since a < x; <
xTg < -+- <y <Db)
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6.3.1.2 Gauss-Kronrod Rules

Given: Gaussian rule with n points,
n
Gn = Zwlf(xz)
i=1

Gauss-Kronrod:
n+1

Kong1 =Y _aif (@) + Y b;f(y))
i=1 =1

where the y;’s are chosen as the zeros of the polynomial g,11(x) = 2" +
- € [],4 satisfying

b
[ @)t (@)de =0 forall p e T

Thus, ¢n+1 is the (n+ 1)st orthogonal polynomial with respect to the “inner
product” (p,q) := [ p(x)a(x)pa(w) da.
The remaining parameters a;, 1 = 1,2,...,n and bj, j = 1,2,...,n+ 1 are
determined such that

n+1

b n
/ p(x)dr = Z a;p(z;) + Z bjp(y;) forall p e H
a i=1 j=1

2n

Theorem 6.2.
Kopy1 is exact for all p € [[5,, 4.

Proof. For p € ],

P = (PnGn1)t + 1, re]l te]]

2n n

/abp(x) dr = /abpn(x)qn+1(a:)t(x) da + /: r(z) da

=0
n+1

= Z air(xi) + Z bir(y;)
=1 j=1

n+1

= ap(z:) + > bip(y;)
i=1 j=1
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6.3.1.3 Practical Use
Pair (G, Kon+1). Approximate the integral:

b
K2n+1%/ f(z)dz.

Heuristic error estimate:

(200 |G, — Koni1])*>.

If we start with n reasonably large (e.g. n = 10), then Ky,4+1 will probably
be accurate enough. However, if we need to double n then we have to start
from scratch.

6.3.2 Filling in the Details: The Division Argument, Annotated
Given p € [[,,,_4, divide by the monic p,:
D=pnq+T, degg<n—1, degr <n—1.

Now compute both sides of the quadrature identity:

’ ’ b (2)
/p= /pnq +/ ro= Y wir(z) =Y wip(a).
a a a ; P
=0 (orthogonality, ¢€]], _;)

(%): the weights were constructed to be exact on [[,_;, and r € [[, ;. (¥%):
at each node, p(z;) = pp(zi)q(z;) + r(x;) = r(x;) because the nodes are the
zeros of p,. Both special choices (orthogonal p,, for the integral, its zeros
for the nodes) click into place in one line each.

Optimality in one line. Test p = p2 € [[,,:
b, 2
/ Py >0 but Zwi pn(zi)* = 0.
a i

No n-point rule (whatever its nodes) can be exact on all of [],,,: just build
the same counterexample from its own node polynomial. Degree 2n — 1 is a
hard ceiling.

Gauss—Kronrod, and why it exists. The pain point: G, and Go,
share no nodes: doubling n wastes all previous f-evaluations, and |Ga, — G|
as an error estimate costs a full extra rule. Kronrod’s fix: keep the n Gauss
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nodes, add n+ 1 new nodes (zeros of the Stieltjes polynomial ¢, orthogo-
nal w.r.t. the signed weight p, (x) dx), and re-tune all 2n+1 weights. Budget
check:

2n+1 + n+1 =3n+ 2 parameters < dimH =3n+2.v
—— ——

free weights  new nodes 3n+1

The pair (Gy,, Kop+1) then delivers: high-order answer Ky, 11, error estimate
from |Gy, — Kap+1|, at only n+1 evaluations beyond G,,. MATLAB’s quadgk
and the QUADPACK library are built on exactly the (G7, K15) pair applied
adaptively, which is where we go next.

6.3.3 Summary Table: Rules and Their Exactness

Rule points exact on error order
Trapezoid 2 I (b—a)3f"
Simpson 3 Il (b—a)®f®

Compound trapezoid | s+1 | []; each panel O(h?)
Compound Simpson | 2s+1 | [[; each panel O(h%)
Gauss G, n | J O x f2n)
Kronrod Koy 1 2n+1 | -

Reading: for smooth integrands, exactness degree translates directly into
convergence rate; Gauss buys the most accuracy per function evaluation.
For rough integrands, all rates collapse, motivating adaptivity.

6.4 Adaptive Quadrature; Eigenvalue Problems

The first half of this lecture assembles adaptive quadrature: equipped with
a rule and an error estimate, the algorithm bisects exactly those subinter-
vals whose estimated error exceeds a budget proportional to their length,
concentrating work where the integrand is difficult. This completes the in-
tegration unit. The second half opens the final unit of the course, eigenvalue
problems: definitions, the characteristic polynomial, and a structural fact:
by Abel’s theorem, no finite algorithm can compute eigenvalues of general
matrices of size n > 5, so every eigenvalue algorithm must be iterative.
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6.4.1 Adaptive Quadrature

Fixed rules spend function evaluations uniformly; adaptive methods spend
them where the integrand is difficult. This section assembles the standard
recursive algorithm from a rule and an error estimate. The design, essentially
that of the QUADPACK library, underlies most library integrators in use
today.

I;: finer partition

Figure 23: Adaptive quadrature: the partition is refined on the subinterval
I; where f varies rapidly.

Idea: Use more function values f(x;) where f “varies more.”
Ingredients

e Quadrature rule Q with error estimate FE.

e Tolerance € > 0.

Goal: Approximate the integral Q[ such that
<
~ E[a,b] <e

b
’Q[a,b] —/a f(z)dx

6.4.1.1 Basic Adaptive Procedure

The algorithm maintains, at every stage, a partition of the interval into
nonoverlapping pieces,

[a,b]:IlLJIQU---UIl, Ij:[aj,bj], hj =0b; — aj,

so that hy + he + - - - + h; = b — a, together with, for each piece, an approxi-
mation and a local error estimate:

Q= [ fla)as, ‘Qj—/l_f(w)dév

<
~ Ej.
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Each piece is accepted when its estimated error fits within an allowance
proportional to its length; pieces that fail are bisected and re-examined.

Algorithm 7 Adaptive Quadrature
Require: quadrature rule QQ with error estimate E; tolerance ¢ > 0; mini-
mum length Ay, > 0
Ensure: Q[ ~ fab f(z) dz with estimated error < e
1«1, I < [a,b], hi<b—a
apply @ to I, obtaining Q1, F1
while E; > b}i—jae for some j € {1,...,l} do
for all I; = [aj,b;] with E; > ;L ¢ do
if hj/2 < hmin then
stop: tolerance not attainable © safeguard against singular
or noisy f
end if
bisect: Ij — [aj, aj;bj}, Il+1 — [aj;_bj,bj]
9: hj Py 855 T l+1
10: apply @ to both halves, obtaining Q;, E; and Qy, E
11: end for
12: end while

13: return Q[ = Zé‘:l Qj > Elgp = Zj E; <35 Zj hj =€

®

On termination every piece satisfies its budget, and because the budgets are
proportional to the lengths, they sum to exactly €, as the final comment
records. In library implementations @ is a Gauss—Kronrod pair (typically
(G7, K15)), the interval with the largest error estimate is bisected first, and
additional safeguards bound the total number of subdivisions.

6.4.2 Eigenvalue Problems

The final chapter of the course concerns the computation of eigenvalues.
This section fixes the definitions and records the basic facts. Golub and
Van Loan and Wilkinson’s treatise are the standard references for the entire
chapter.

Definition 6.3. Figenvalue, Eigenvector
Let A € C™*™. A number A\ € C is called an eigenvalue of A if there exists
a nonzero x € C", z # 0, such that

Az = \x.
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Such an z is called an eigenvector of A.

Definition 6.4. Spectrum
The set
A(A) :={X € C| Xis an eigenvalue of A}

is called the spectrum of A.

Ax =Xz, x#0
= NM—-A)z=0, z#0
= the matrix Al — A is singular
= det(A\l —A) =0
Definition 6.5. Characteristic Polynomial
The polynomial

1

p(z) =pa(z) :i=det(zl — A) =2"+ap_12" "+ -+ a1z + ag

is called the characteristic polynomial of A.

Notes:

1. The eigenvalues of A are the zeros of the characteristic polynomial, p .
In particular, A € C™*" has n eigenvalues, but they are not necessarily
distinct.

2. For n > 5, any algorithm for computing eigenvalues of general A €
C™*™ has to be iterative!

e Even if this was not true, working with polynomials is not great.

6.4.3 Filling in the Details: Why the Budget Is Proportional to
Length

The acceptance test F; < % € hands each subinterval an error allowance
proportional to its length. Then, on termination,

E[a,b} :ZE]' < ﬁZh]‘ZEZ
J

J

the local budgets provably add up to the global tolerance, because the
lengths add up to b — a. A wuniform per-interval budget (E; < €/l) would
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fail: [ changes as we subdivide, and thousands of tiny intervals would each
claim the same allowance.

Why bisection concentrates work correctly: for a rule with local
error ~ hPT1 halving an offending interval cuts its error by ~ 2PT! while
its budget only halves, so a few bisections fix any smooth region, and the
recursion drills down only near kinks, spikes, or singularities. Smooth parts
terminate at coarse h; total work concentrates exactly where f is hard. Safe-
guards (h; > hpyin, maximum interval count) guard against nonintegrable
singularities and noisy f, where estimates lie.

From polynomials to matrices and back. Two directions:

e cigenvalues — polynomial roots: A(A) = zeros of det(zI — A);

e polynomial roots — eigenvalues: every monic p is the characteristic
polynomial of its companion matriz (next lecture’s example).

The two problems are equivalent. Abel-Ruffini says degree-> 5 polynomial
roots admit no closed formula in radicals; hence no finite algorithm can
compute eigenvalues of a general n > 5 matrix: every eigen-solver must
iterate. (Direction: modern practice goes polynomial — companion matrix
— QR iteration (roots in MATLAB), the opposite of the naive char-poly
route, because polynomial root-finding from coefficients is ill-conditioned
while QR on the matrix is backward stable.)

6.4.4 A 2 x 2 Eigenvalue Warm-Up

A= ﬁ ﬂ . palz) = det [2:12 Z‘_lz] — (2=2)? 1= (:—1)(2—3).

A(A) = {1,3}; eigenvectors (1,—1)T and (1,1)7 (orthogonal; A is symmet-
ric). Check the invariants: trA=4=1+3,detA=3=1"3.

2

Now perturb: A = [1 4 10-10

ﬂ has eigenvalues 2 + /1 + 10~19; they

move by ~ 5 x 107!: benign here. But for the Jordan-type matrix [8 (1)] ,

adding 107! in the (2, 1) entry moves the double eigenvalue 0 to £1075: a
square-root response. Eigenvalue conditioning varies wildly with the matrix,
one reason the robust algorithms (Schur, QR) avoid fragile objects like the
Jordan form entirely.
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6.5

Notes and References

Deuflhard and Hohmann treats quadrature in the order followed here. Davis
and Rabinowitz, Methods of Numerical Integration, is the classical compre-
hensive reference. Gaussian nodes and weights are computed in practice by
the Golub—Welsch algorithm from the eigenvalues of the Jacobi matrix, an
application of the next chapter’s methods. The (G7, K15) pair and its adap-
tive driver come from QUADPACK, whose design underlies most library
integrators.

6.6

1.

Exercises

Verify by direct computation that Simpson’s rule integrates f(z) = 23

exactly on [0, 1], and that it fails to be exact for f(z) = z*. What
error does it commit in the latter case, and how does this compare
with the error-term formula?

Derive the midpoint rule error I — (b — a)f(m) = %f”(g), where
m is the midpoint, by expanding f in a Taylor series about m and
integrating.

Set up the moment equations for the two-point Gaussian rule on [—1, 1]
and solve them to obtain the nodes +1/v/3 and weights 1,1. Check
exactness on 22 and z3, and compute the error for z*.

Prove that all Gaussian weights are positive. (Apply the exactness
of the rule on ]y, ; to p = £2, where ¢; is the ith Lagrange basis
polynomial of the nodes.)

Compute the monic orthogonal polynomials po and ps on [—1,1] by
Gram-Schmidt orthogonalization of 1, z, 22, 23, and verify that their
zeros are real, simple, and interior.

(Computing.) Apply the compound trapezoidal rule to fol e® dr with
s = 2,4,8,...,256 panels. Verify the O(h?) convergence, and check
that the Richardson combination (475541 —Ts+1)/3 converges at order
h.

(Computing.) Integrate fol V& dr with the compound Simpson rule
at tolerance 10~® using uniform refinement, and then with a recursive
adaptive Simpson method at the same tolerance. Report the number
of function evaluations each requires and explain the difference.
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Chapter 7

Eigenvalue Problems

The final unit develops the modern eigenvalue algorithm. Since no finite
algorithm can exist, the method is iterative: reduce to Hessenberg form by
Householder similarities, then apply the shifted QR iteration with Givens ro-
tations and deflation: in essence, the algorithm inside production eigenvalue
libraries.

7.1 Computing Eigenvalues; Unitary Similarity

We first make the equivalence between eigenvalue problems and polynomial
root-finding precise via the companion matrix, and then explain why the two
classical textbook routes, computing roots of the characteristic polynomial
and computing the Jordan canonical form, are both numerically unstable.
The constructive path forward is the similarity transformation: similar ma-
trices share a spectrum, and among all similarities the unitary ones neither
amplify errors (k2(U) = 1) nor require inversion. Schur’s theorem, stated
here and proved next lecture, guarantees that unitary similarities suffice to
reach triangular form, where the eigenvalues sit on the diagonal.

7.1.1 Eigenvalue Problems (Continued)

This section makes the connection between eigenvalues and polynomial roots
exact, in both directions, and draws the structural conclusion: eigenvalue
algorithms must iterate.

3. Any polynomial p(2) = 2" + 12" ' +ap 22" 2+ -+ a1z +ag is
the characteristic polynomial of a matrix A € C™*". For example,

0 0 - 0 —ap ]

1 - S
A= 10 0

: . . 0 —ap_o

0 - 0 1 —ap1]
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has the characteristic polynomial

z 0 g
-1 =z 051
det(zI — A) = det -1
S Op—2
| 0 -1 z+ap-1]

-1
="+, 12"+ -+ a1z + ag.

For some classes of matrices, the eigenvalues can be found trivially. For
example, an upper triangular matrix:

aiy ke ok
a :
A= 22 ' , A(A) ={a11,a22, ..., ann}
: *
0 nn

7.1.2 Computation of Eigenvalues

Knowing that iteration is unavoidable, we must decide what to iterate to-
ward. This section rules out the two classical answers, the characteristic
polynomial and the Jordan canonical form, on grounds of conditioning, and
identifies the right target: the Schur form.

7.1.2.1 Bad Ideas
1. Forming p4 and computing A\ € A(A) as zeros of p4.

2. Attempting to compute the Jordan canonical form of A:

J1 0
J:
X1AX = 2 ,
0 J]
where each
PYE! 0 i
A1
J’L = s 1= ]., 2, ,l
1
0 Ai |
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are Jordan blocks.
[J,X] = jordan(A)

7.1.2.2 Better Ideas
1. Use the Schur factorization of A.

2. Use unitary similarity transformations to first transform A to a “sim-
pler form.”

Definition 7.1. Similarity Transformations
Let A € C"*™, Let U € C™ "™ be nonsingular. The map

A UTTAU
is called a similarity transformation of A.
Lemma 7.2.
A(A) = AUTTAD)
Proof.

Ax =Xz, x#0
UlAU(Q?) = A(y}ig), i #0
U AUE = A\, Z#0
O

Use matrices U that are easy to invert and that are numerically well-
behaved:

Definition 7.3. Unitary
U € C™™ is said to be unitary if

UAU =1
U = lup], U™ = [ug;] = (O)")
Notes:

1. U unitary = U is nonsingular and U~ = U,
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2. U unitary = U is unitary and (U?)~! = (UT)H = U.
3. U unitary = ||Uz||, = ||z||, for all € C"™. This is because HU:L‘H% =

(Uz) Uz = 27U Uz = 2"z = ||2||3 and |U]], = max Hﬁfflla 1.
x#0 x|y

4. Unitary matrices U have the best possible Euclidean condition num-
bers:

=UH

1

re(U) = Ul U] = 1.
——
=1 2
=1

7.1.3 Unitary Similarity Transformations

Similarity transformations preserve eigenvalues; unitary similarity transfor-
mations also preserve error bounds. This section proves both facts. The
preference for unitary transformations is the organizing principle of practical
eigenvalue computation, a point Trefethen and Bau emphasize throughout
their treatment.

A UTAU =UPAU = T
where U is unitary.

Question: What is the “simplest” T" we can achieve?

Theorem 7.4. Schur
For any A € C"*™, there exists a unitary U € C™*" such that

t11 * cee *
vlAau =7=| 2
. *
0 lnn

is upper-triangular. In particular, A(A) = A(T) = {t11,t22, .-, tnn}-
We will prove this by induction on n. Forn =1: A=a], U =[1], T = [a].

7.1.4 Filling in the Details: Why the Bad Ideas Are Bad

Bad idea 1 (roots of py4): the map coefficients — roots is severely
ill-conditioned. Classic example (Wilkinson): the polynomial with roots
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1,2,...,20; perturbing one coefficient in its 10th digit moves several roots
by O(1) and sends some into the complex plane. Yet those same numbers,
as eigenvalues of a symmetric matrix, are perfectly conditioned. Passing
through the coefficient representation destroys conditioning so we must work
on the matrix directly.

Bad idea 2 (Jordan form): the Jordan structure is discontinuous in
the entries:

[g\ i\] (one 2 x 2 block) wvs [;\ ﬂ (two distinct eigenvalues A + 1/¢).

Arbitrarily small ¢ (e.g. one rounding error) changes the block structure,
and the transformation X becomes arbitrarily ill-conditioned. No stable
algorithm can compute a discontinuous object.

Why unitary similarity is the cure. For the transformations A >
UH AU we will use:

e spectra are preserved (today’s lemma), so we never lose the answer;

o o(U) = 1t transforming by U amplifies no errors. Concretely, if
we compute T = U (A + E)U with backward error E, then ||E||, is
unchanged by U: errors are moved around, never magnified;

e U~! = UH is available for free: no inversion, no growth.

Contrast general similarity X 'AX: it also preserves spectra, but x(X)
multiplies every error bound. The whole modern eigenvalue technology =
“do everything with unitary matrices,” and Schur’s theorem says unitary
matrices suffice to reach triangular form, which exposes the eigenvalues on
the diagonal. That existence proof is next lecture.

7.1.5 Verifying the Companion Matrix Claim (n = 3)

0 0 —ap Z 0 o
A=11 0 —aq], zI—A=1|-1 =z a1
0 1 —Q2 0 -1 z+ a9

Expand along the first row:
det(z] — A) = z(2(z + a2) + 1) + ap = 2B tan a1z +ag. v

(The general case follows by the same expansion / induction: each subdiag-
onal —1 shifts the powers up by one.)
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So any monic polynomial is a characteristic polynomial, so eigenvalue
computation is at least as hard as polynomial root-finding, completing the
equivalence from last lecture.

7.2 Schur’s Theorem; Householder Reflectors

Two constructions fill this lecture. First we prove Schur’s theorem by defla-
tion: an eigenpair supplies the first column of a unitary similarity that splits
off one eigenvalue, and induction does the rest. Second, we introduce the
Householder reflectors, the unitary building blocks of practical algorithms:
for any vector x we construct a reflector mapping x to a multiple of ey,
choosing the sign in the construction to avoid cancellation. Reflectors are
Hermitian, unitary, cheap to apply, and are exactly the tool that turns the
existence proof of Schur’s theorem into computation.

7.2.1 Proof of Schur’s Theorem

The proof is by deflation: one eigenpair reduces the problem size by one, and
induction finishes the argument. The proof is constructive except for a single
step, extending a unit vector to a unitary matrix, which the Householder
reflectors of the next section make computational.
Recall:
UH AU = T = upper-triangular

Proof. By induction. For n = 1, it is trivial. Assume it istruefor1,... n—1.
Let A € A(A) with eigenvector z, ||z||, = 1. Choose a unitary matrix

Uy=[z % % - x| eC™™

with z as the first column. Then:

AU1:[/\Q: % ke *}
(A % o K]
H 0 i Ixn—1
U AU = | . _ : where A € C"™ X"~
: A
_0 -
Induction hypothesis:
o :
- — - % DR % -
UHAU =T = R U e C 171 i unitary
_0 *_
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Set

10 0
0
U:=U;|. - eCcmn
: U
0
Then U is unitary and
1 0 --- 0 10 --- 0
vtfaAu = |, o UH AU,
10 0
A % *
! T i 1
= |. [ = = upper-triangular
: UT AU
0

7.2.2 Two Simple Unitary Matrices: Householder Reflectors

Householder reflectors are basic building blocks of dense matrix computa-
tion, used for QR factorization and least-squares problems as well as for the
eigenvalue algorithms of this chapter; Golub and Van Loan devote a chapter
to their uses. This section constructs them and settles the sign choice that
keeps the construction numerically stable.

Definition 7.5. Householder Reflectors
Q € C™" of the form Q = I — 2vvH, where v € C" with |jv]|, = 1, is a
Householder reflector matrix. @ is Hermitian:

QF =1 -2 = Q.
Q is unitary:

QUQ=0Q*=1— 4w + 40 vy o =1

=|lvll3=1
For any x € C™:

Qz = reflection of z w.r.t. the (n—1)-dimensional plane {w € C" | w"v = 0}
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|

l

| plane
P s e H o,
w ! {w | w™v =0}

|

|

|

|

|

|

|

—QUY 2
Qr=—av+w

Figure 24: The Householder reflection: = av + w is mapped to Qx =
—aw + w, the mirror image of x in the plane {w | w"v = 0}.

Proof.

T = av+w, where o € C, wfv =0
Qz = (I — 2vv™)(av + w)
—av+w—20 vHav —200vw
~—— ~—~—~
=avHv=a =0

= —av +w

Given: z € C™.
We can construct a Householder reflector Q = I — 2vv! such that
Qxr = vep for some v € C with || = ||z]],
T = v+ w, wlo =0
Qxr = —av+w = ey
T —ye1 =av+w—ye; = 2av
Set
1 —7

- L2
Vi=x —yep = . and V=

s3]

R

191l

Tn

Numerically best choice of 7:

v = —(sgna) [zl
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where
T

x#0
sgnxy = (AL .
1 xr1 = 0
Summary:
Q=1-2m", where v = Nv
121l
b =x+ (sgna1) ||z, ex
z1 + (sgnx) ||z,
Z2
L,
Qu =~ey,  where y = —(sgna1)[z[|,

7.2.2.1 Reduction of A to Hessenberg Form

Definition 7.6. Hessenberg Matrix
http://en.wikipedia.org/wiki/Hessenberg_matrix
An upper Hessenberg matrix has zero entries below the first subdiagonal,

and a lower Hessenberg matrix has zero entries above the first superdiagonal.
For example:

1 4 2 3
3 417 .
092 3 4 is upper Hessenberg.
0 01 3
1 2 00
5 2 3 0 .
3 43 7 is lower Hessenberg.
5 6 1 1
Schur factorization:
* *
UHAU =T =
0 *
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Next “best” thing:

_>(< * >I<_
ko ok

UM AU = H = .
_0 * -

Can be achieved with n — 2 Householder reflections

U=U,U,...U,_o, where U; = [g QO } ,
n—j

Qn—j € C(m=Dx*(=3) 5 Householder reflector.

Example 7.7. n=5
Let us watch the first step for n = 5. Partition

A= [an *]
Tz x|’
where z € C* is the part of the first column below the diagonal. Build
a Householder reflector Q; € C*** with Qiz = ~vi1e1, and embed it as
. [1 0
0 @

U,y leaves row 1 and column 1 alone, the left multiplication compresses z
onto y1e1 (zeroing entries 3, 4,5 of column 1), and the subsequent right mul-

} = U{!. The crucial design decision is the leading 1: because

tiplication touches only columns 2,...,5, so those hard-won zeros survive:
UF AU, = UL AUL = (U AU, = [“” *] U
Y€1k
an # # # #
n o# H#H#H
=0 # # # #
0 # # # #
0 # # # #

Repeat with Uy (leading I block, Householder on the bottom 3-vector of
column 2) and Us (leading I3, Householder on the bottom 2-vector of column

143



3). After n — 2 = 3 similarities the matrix is upper Hessenberg:

URURUE AU ULUS =

S OO ¥ ¥
S ¥ ¥k ¥ ¥
L N
* X K K X

S O ¥ ¥ ¥

One subdiagonal remains, and it must: eliminating it too would triangularize
A in finitely many operations, which we know is impossible for n > 5. The
reduction stops exactly where the theory says finite algorithms must stop.

7.2.3 Filling in the Details: The Deflation Step Under a Micro-
scope

Why does U AU; have the claimed block form? Column by column: the
first column of AU; is Az = Az (eigenpair!), so

U AU ey = U (\z) = AU 2 = Xey,

since the columns of U; are orthonormal with first column x (U{z picks
out the coefficients of z in that basis: (1,0,...,0)7). A first column equal
to Aep is exactly “A on top, zeros below”: one eigenvalue is deflated, leaving
the (n—1)-size block A for the induction hypothesis.

Two ingredients the proof quietly used:

e cvery matrix has at least one eigenpair over C (fundamental theorem
of algebra applied to p4); this is why Schur works over C but real
matrices need 2 x 2 bumps (real Schur form);

e aunit vector z extends to a unitary Uy = [z * - - - %]. Existence: Gram—
Schmidt. Stable construction: a Householder reflector with Qz = vey;
then U; := Q (columns orthonormal, first = 2 up to phase). Today’s
two topics are one story.

The sign choice, and why it matters. We need v = = — ve; with
7| = ||z||,. Both signs of v work in exact arithmetic; numerically, choosing
v = —(sgnz) ||z||, makes the first entry

0y = x1 + (sgny) ||z,

an addition of same-signed quantities, with no cancellation. The wrong sign
would compute x1 — ||z||, (sgn1), which for z ~ e; subtracts nearly equal
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numbers and can lose all significant digits in v (the cancellation disease of
Chapter 3, avoided by design).

Cost accounting: never form () as a matrix. Apply it as
QM = M — 2v(v M),

one matrix-vector product + one rank-1 update: O(n?) per application in-
stead of O(n3). Storage: just the vector v. This convention is what makes
Householder-based algorithms (Hessenberg reduction, QR factorization) ef-
ficient.

7.2.4 Schur vs. Diagonalization: What We Can and Cannot Have

e Diagonal U AU = D with unitary U: possible iff A is normal
(AHA = AAM); this class includes Hermitian and unitary matrices.
For Hermitian A, Schur’s T is automatically diagonal with real en-
tries: the spectral theorem falls out as a corollary (T = U AU is both
triangular and Hermitian).

e Triangular 7" always achievable (Schur). The diagonal carries A(A);
the strict upper part measures non-normality.

e Nothing better is stable: Jordan form (last lecture) is the caution-
ary tale.

The computational plan for the rest of the course: reach (nearly) the Schur
form by an iteration of cheap unitary similarities: Hessenberg first (finite,
O(n?), next lecture), then QR iterations (to convergence).

7.3 Hessenberg Reduction; The QR Algorithm; Givens Ro-
tations

This lecture assembles the modern eigenvalue algorithm. Householder sim-
ilarities cannot reach triangular form in finitely many steps, because the
right-hand multiplication would destroy the zeros, but they can reach upper
Hessenberg form, one subdiagonal away, in about %n?’ operations. On Hes-
senberg matrices we then run the QR iteration with shifts, implementing
each step with Givens rotations, plane rotations that annihilate one entry
at a time. Two structural facts make the method practical: each QR step
is a unitary similarity (the shift cancels exactly), and the Hessenberg form
is preserved from step to step, so each iteration costs only O(n?).
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7.3.1 Reduction of A to Hessenberg Form (Continued)

This section completes the Hessenberg reduction and records its cost.

UTAU = H, U=UUs,...Up,_o, AeCcrxn

1. A(A) = A(H). Eigenvectors transform as follows:

Az =Xz, 240 & UHAU Uz = AUz
H
y=U"z & Hy=X\y, y#0

Here y = Uz and z = Uy=U,U,...U,_2y,

1; 0

J _.:I_2n_A H, n_,e(cn_j
0 Qn—j], Qn] v ]Un—]7 v J

o]

2. Reduction of A € C™" to upper-Hessenberg form requires ~ ?n?’

flops.

Left to do: Compute the eigenvalues of H.

7.3.2 The QR Algorithm

Published independently by Francis and by Kublanovskaya around 1961,
the QR algorithm remains the standard method for the dense eigenvalue
problem. This section states the shifted iteration and proves that each step
is a unitary similarity of the previous iterate.

Definition 7.8. QR Factorization
QR factorization of M € C™*":

M =QR, where Q € C™*"™ is unitary and R is upper-triangular

This is done via Gram-Schmidt.
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Algorithm 8 Shifted QR Iteration (for eigenvalue computation)

Require: upper-Hessenberg matrix H € C**™

1: A(O) «— H

2: for k=1,2,... do

3: choose a suitable shift u € C >e.g. up = a%’;‘l); see the shift
strategies below

4: compute a QR factorization A#~1 — 1, T = QK R(KF) >n—1

Givens rotations, O(n?) flops
5: Ak REQK) 4 upd > multiply the factors in reverse order, add
the shift back

6: end for

Note the shape of one step: factor, swap the factors, restore the shift. The
lemma below shows that this seemingly odd recipe is a unitary similarity in
disguise, so the eigenvalues are preserved at every step.

Lemma 7.9. 1. A% = (QUHHAKR-DQWK) k=12 ..
2. A(H) = A(A®), k£ =0,1,2,...
Proof. 2. By (1), A®) Ak=D_ AKk=2) AW AO) = H are all similar.

1.
AW = RPQW 4 .1 = (QW)H(QWR™M + 1 1)QW
—,—1

=A(k—1)

Note: All the matrices A®*) are upper-Hessenberg!

7.3.3 Two Simple Unitary Matrices: Givens Rotations

Householder reflectors modify many entries at once; Givens rotations act
on two rows and can zero a single chosen entry. For Hessenberg matrices,
whose subdiagonal has only n — 1 entries, they are the right tool. This
section defines them and applies them to the QR step.
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7.3.3.1 2 x 2 Case

Z2
Y= Qpr

~

N

S lyll = [l=
N

T

Figure 25: A Givens rotation maps = to y = Q,x, preserving length.

Q= [ . j e C¥>2 where |¢)* +|s]* =1

Q@ is unitary:

e =s][e sl [l +s)? 0 1o
QHQ‘[S H— ]‘[ 0 \c12+\s\2]‘[0 1]

Householder:

*

*
@)

o]-1)

Use of Q): to “zero out” the entry xo of any given x = [il} cC? x#0.
2

Givens:

Indeed: Set
T1

c=e s:eiaﬂ, where o € C
[E4[PS [E4[PS
Then
2 2
|C|2 + |S|2 _ |£B1| + |1:2| _
== =
[Eg[Es

ol = L [T T ] _ [ ]al,
T ||;r||2 —e "y e x| | 2o 0

148



7.3.3.2 General Case

1 0

Notes:
1. Left-multiplication with ) only changes the jth and kth rows.
2. Right-multiplication with @ only changes the jth and kth columns.

3. Q is a Givens rotation = Q! is a Givens rotation:

H c —s
=7
7.3.3.3 Use in QR Algorithm

Example 7.10. n =15

Here is one QR factorization inside the iteration, carried out with Givens
rotations for n = 5. The matrix to factor is Hessenberg, so only the four
subdiagonal entries stand between it and triangular form:

A(kfl) — I =

S OO ¥ ¥
O ¥ ¥ % X
* K X K X
* X X K ¥

S O ¥ *x ¥

We eliminate them one at a time, top to bottom. The first rotation
acts on rows 1 and 2 and is tuned to zero the (2,1) entry: choose
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C1 S1

—S1 €
Q1 = 1 such that
1
1
# # # H#H#
0 # # # #
QIA®YD _ =10 % % x x
0O 0 *x % =«
0 0 0 =*x =
1
(6] 59
Choose Qo = —35 Cy such that
1
1
* % % k%
0 # # # #
QIR AR Y — =0 0 # # #
0 0 x x %
0 0 0 =x =

Note that Q2 mixes only rows 2 and 3: it zeros the (3,2) entry without
disturbing the zero just created in column 1. Two more rotations, on rows

(3,4) and (4,5), finish the job:

* * * * *

0 ko ok * *
QEQHEQHQH(A®D — yn)=10 0 * % x| =R®

0 0 0 # #

000 0 #

Four rotations, each touching two rows of length at most n: the whole
factorization costs O(n?), against O(n?) for a full matrix. This is the payoff
of the Hessenberg preprocessing, and (as shown in the “Filling in the Details”
section) the form is restored when R®*) is multiplied back by the rotations,
so the same cheap step repeats forever.
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7.3.4 Filling in the Details: Why Hessenberg and Not Triangu-
lar?

Tempting: use a Householder Q)y on all of column 1 to zero entries 2,...,n;
would n — 1 such steps not triangularize A? The catch is the similarity:
we must multiply by UlH on the left and U; on the right. If U; mixes row
1 with the others, the right-multiplication mixes column 1 correspondingly
and refills the zeros we just created. (And it must fail: a finite exact triangu-
larization would compute eigenvalues in finitely many operations, impossible
for n > 5.)

The fix: let Uy = [ } act only on rows/columns 2, ..., n. Left mul-

10
0 @
tiplication zeros column-1 entries 3,...,n (using x = As., 1); right multipli-
cation touches only columns 2,...,n, so column 1’s zeros survive. Iterating
on columns 2,...,n — 2 leaves exactly one subdiagonal: upper-Hessenberg,
reached in finitely many (~ %n‘g’ flops) steps. Hessenberg is the closest to
triangular that a finite unitary similarity process can reach.

Why the QR iteration preserves Hessenberg + why Givens fits.
For Hessenberg A(—1) —pgl: only one subdiagonal to annihilate, and Givens
rotation @; (acting on rows j,j+1) kills the single entry (j+1,j) without
touching anything below; n — 1 rotations give R*) in O(n?) flops (vs O(n?)
for a full matrix!). Then

AW = R® Q1Q2 - Qroy + i -

right-multiplying the triangular R*) by each @; mixes columns j,j+1,
adding back exactly one subdiagonal, so A®) is Hessenberg again. The
structure is a fixed point of the iteration, so every QR step costs only O(n?).
Householder for the one-time reduction, Givens for the surgical strikes inside
the loop: each tool where it is cheapest.

The similarity identity, re-derived: from A*—1) — .1 = Q) R(K)
we get R®) = (QUW)H(AF=D — 1, T), hence

AR = RBQW) 4 1 T = (QUWNH ARV QW) _ 1y (QUNH QW) 4y 1
= (QUNH A=) (k)

The shift cancels: every QR step is a unitary similarity, so A(A®)) =
A(H) = A(A) for all k; we can iterate forever without corrupting the answer.

151



7.3.5 Cost Sheet for the Eigenvalue Pipeline

Stage flops

A — H (Householder, once) ~ n3

one QR step on Hessenberg (Givens) O(n?)

QR steps needed in practice O(n) total (= 2-3 per eigenvalue)
eigenvalues only ~ 10n3

+ eigenvectors (accumulate U) ~ 27n3

Without the Hessenberg reduction, each QR step would cost O(n?) and the
whole algorithm O(n?); the preprocessing pays for itself immediately. Why
so few steps per eigenvalue? Because of shifts, the convergence theory of the
final lecture.

7.4 Convergence of the QR Algorithm; Shift Strategies

The final substantive lecture explains why the QR algorithm converges and
how it is used. The unshifted iteration is simultaneous power iteration in
disguise: subdiagonal entries decay geometrically with ratios of adjacent
eigenvalue moduli, which is unacceptably slow when eigenvalues are close.
Shifting repairs this: choosing the shift near an eigenvalue turns the relevant
ratio into a rapidly shrinking one, and the standard shift strategies achieve
quadratic (for Hermitian matrices, cubic) convergence of the trailing subdi-
agonal entry. Deflation then splits converged eigenvalues off the problem.
Assembled with the Hessenberg reduction, this is, in essence, the algorithm
inside production eigenvalue libraries.

7.4.1 End-of-Semester Notes

e Final project presentations: last week of classes / final examination
period (Dec. 14-18); written reports due during finals week.

e Project topics must be approved by the instructor.

7.4.2 QR Factorization (Continued)

We assemble the complete algorithm for a general matrix.
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For general n > 2

Convert A to a Hessenberg matrix and feed this to the QR algorithm: A —

H= A0,

AR — 1 = QWR® where QW = Q1Q2... Qns
—_———
n—1 Givens rotations

Ak = R(k)Q(k) + pil is upper-Hessenberg

7.4.3 Convergence of the QR Algorithm

Why the iteration converges, and how fast, is the subject of this section.
The complete theory is beyond the course; we state the essential result for
the unshifted iteration and explain its mechanism, the connection to the

power method, which Trefethen and Bau develop in detail.
Let A(A) = {\1,\2,..., Ay} and assume that [A| > [Ag] > -+ >
(Special case: pg = 0 for all k.) Then

* * * 711 k
(k)
a9y * * 0 729
A — al - S L=CIN
_0 agle_l *_ _0 0

where A(R) = {r11,722,...,"nan} = A(A).

Speed of convergence: If |\,| > 0, then
k) _
ajj 1 =0 (

. < .
= slow convergence if |\;| = |A\j_1|. Shifts p; are used to speed up

Aj
)\j—l

k
. j=23,..., k=12...

vergence. Suppose pp = p = constant and [A; — | > [Ao—pu| > -

|An — 1| > 0. Speed of convergence:

(k) _
a; ;g = 0] (

W) BT 0 fast if 0~ Ay

Aj—
Aj—1—

k
>, j=23,...n k=12...

= a
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7.4.4 Strategy for Choosing u

Shifts convert the slow linear convergence of the previous section into fast
local convergence. This section presents the standard strategy, the deflation
test, and the cost accounting for the assembled algorithm. Wilkinson’s book
contains the full analysis of the shift strategies.

At the beginning of the kth iteration of the QR algorithm,

* o .. PR PR *
al)
_ k—1
AFD — [V = | :
L 0 0 agle—l *
o o (k=1) _
for j = 2,3,...,n, check if a1 =~ 0.
(k)
a’, .
TGy
J.j—1 Jj
’aij_&l‘ <e€ ag.k__lylj)_l’ + € ‘ay;_l) , where € = O(eps)

(k=1) _

Set a; i = 0.

7.4.4.1 3 Cases
1. Case 1: j=n

B * * ]
*
e : : Alk—1) "
k—1) _ R : : -
Ak=1) _ ‘ ' . = 0 a%kﬂ—l)]a

*
* *

0 - -~ 0 0 a0

where Ak—D ¢ Cl=Dx(n=1) = *D ¢ A(Ak-1)) = A(A).

Accept a%"‘;l) as an eigenvalue of A and continue the QR algorithm

(k=1)

n—1n—1"

on A®=D_ Typical choice: uj = a
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2. Case 2: j =2

- (k’—l) -

a’ll * . cee %k
0
A(kfl) 0
: A=)
L 0 |
aﬁ_l) is an eigenvalue of A.
3. Case 3: 2< j<n
*
A(k_l) o k * * * . Agkil) *
o 0 % % o-0 -eeox| 0 Agk—n
*
0
*
i 0 * k]

A(A) = AA®D) = A(AFYUAAFY). Continue QR on AV €
C/=1i=1 and Aék_l) € Critixn=j+l
Typical flop count for such a practical QR algorithm:
e ~ 10n? if only the eigenvalues are computed

e ~ 27n3 if eigenvalues and eigenvectors are computed

7.4.5 Filling in the Details: Where the Ratios Come From

Unshifted QR is power iteration in disquise. Sketch for intuition: the
first column of QW ... Q) equals the normalized A¥e;, the classical power
method, converging to the dominant eigenvector at rate |[Aa/A1]. Simul-
taneously, the QR iteration runs power iteration on all leading subspaces
span(eg, ..., e;) at once; the jth subdiagonal entry measures how far the jth
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subspace still is from invariant, decaying like [\;/A;_1|*. Close eigenvalue
moduli = ratio &~ 1 = stagnation. (It also explains why the eigenvalues
appear sorted by modulus on the limit diagonal.)

Shifts as inverse iteration. The identity (A — pI)~! has eigenvalues
(Aj — p)~1: whichever Aj is closest to p becomes strongly dominant. The
shifted QR step secretly performs one step of inverse iteration with shift
on the last row; with puj = agjfl) (a Rayleigh-quotient-like estimate of Ay)
the relevant ratio

‘ An — Mk
An—1 — [k

(k)

shrinks at every step; the convergence of a,, ; — 0 becomes quadratic
(cubic for Hermitian A). Two or three iterations per eigenvalue in practice,
matching the cost sheet.

Deflation is what makes it an algorithm. The stopping test

(k:l
ajj—1

o=
aj1,5-1

‘ <e€ ’ + ‘ k 1) a €= O(emach)y

compares each subdiagonal to its diagonal neighbors (a relative, scale-
invariant test). Setting such an entry to zero is a backward perturbation of
size O(€mach || 4||), which is harmless, and makes the matrix block triangular:

A %
A |: 0 A2:| A(Al) U A(AQ)
Case j = n: accept any, as an eigenvalue, continue on the leading (n—1)-
block. Case 2 < j < n: recurse on two smaller Hessenberg problems. The
problem literally falls apart as it converges.

The assembled “Francis” algorithm (what eig runs): balance —
Householder Hessenberg — shifted QR with Givens + deflation — (option-
ally) accumulate transformations for eigenvectors. Backward stable: the
computed A is exact for some A + E, ||E|| = O(€émach ||A]): the eigenvalue
story ends where the course began, with backward error analysis certifying
the answer.

7.4.6 Course Capstone: One Idea Three Times

Notice the same design pattern in our three big algorithms:

1. LU with pivoting: control element growth (|/;;] < 1) = backward
stable linear solves.
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2. B-spline evaluation: convex combinations of nonnegative quantities
= no cancellation, perfectly stable.

3. QR eigenvalue algorithm: unitary transformations only (k2 = 1)
= errors never amplified.

In each case, the algorithm is organized so that no intermediate quantity can
dwarf the data; this is the single most important design principle this course
has to offer. Next lecture: full review.

7.5 Notes and References

Golub and Van Loan is the standard reference for the material of this chap-
ter, from the Schur decomposition through the practical shifted QR algo-
rithm; Trefethen and Bau presents the same pipeline with an emphasis on
the connection to power iteration used in the convergence discussion. The
QR algorithm is due to Francis and Kublanovskaya; Wilkinson’s The Alge-
braic Eigenvalue Problem contains the classical analysis, including the shift
strategy bearing his name.

7.6 Exercises

1. Expand det(z] — A) for the 4 x 4 companion matrix of p(z) = z* +
a3z® + az? + a1z + ag and verify that it equals p(z).

2. Show that similar matrices have the same characteristic polynomial,
and hence the same eigenvalues with the same algebraic multiplicities.
Give an example showing that the converse fails: two matrices with
the same characteristic polynomial that are not similar.

3. For z = (3,4)7, construct the Householder reflector Q with Qz = ey,
using the sign choice of the text. Write out () as a 2 x 2 matrix, and
verify Q@ = Q", Q7Q = I, and || = ||,

4. Let Q = I —2vvf! with ||Jv||, = 1. Show that Qu = —v and Qu = w for
every w orthogonal to v, and interpret () geometrically as a reflection.
Conclude that A(Q) = {-1,1,...,1}.

2 11
5. Reduce A = |1 3 1| to tridiagonal (Hessenberg) form with one
1 1 4

Householder similarity acting on rows and columns 2,3. Why does
symmetry make the result tridiagonal rather than merely Hessenberg?
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€
1
1, for small ¢ > 0. Show that the new off-diagonal entry is O(e?),
illustrating the cubic convergence of the shifted iteration for Hermitian
matrices.

6. Perform one shifted QR step on A = E } with the shift y = age =

7. Prove the spectral theorem as a corollary of Schur’s theorem: if A =
AH then the Schur factor T = UH AU is diagonal with real entries,
so A has an orthonormal basis of eigenvectors.

8. (Computing.) Implement the unshifted QR iteration for the symmetric
matrix with eigenvalues 4,2, 1 obtained as A = Q diag(4,2,1) QT for
(k)

a random orthogonal Q. Plot ’a32 ‘ and ’agﬁ)’ against k£ on a log scale,

and compare the slopes with |A3/A2| and |A2/A1].
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affine-invariant Lipschitz condition,
32 Lagrange interpolation formula, 87
backward stable, 69 machine epsilon, 55
machine precision, 55
characteristic polynomial, 131 matrix norm, 76
chopping, 56 monotonicity test, 41, 42

condition number, 46
conditioning, 7, 45
convergence, 7

cubic spline types, 92

Newton’s method, 23, 25

norm, 75

normalized binary representation, 55
numerical analysis, 6

damping, 42

de Boor points, 110 orthogonal polynomial, 122

permutation matrix, 16
pivoting, 16

eigenvalue, 130
eigenvector, 130

error sources/types, 7 QR factorization, 146

floating-point arithmetic error, 61 quadratic convergence, 32

floating-point representation, 52 relative error, 57

flop, 13 '
Frobenius matrix, 9 rounding, 56
Frobenius norm, 76 Schur factorization, 137

Schur’s Theorem, 137

growth factor, 82 similarity transformation, 136

Hermitian, 140 spectrum, 131
Hessenberg, 142 spline, 88
Householder reflector, 140 stability, 7, 66
stable, 67
ill-conditioned, 50 submultiplicative, 77

induced matrix norm, 76
unitary, 136

Jacobian matrix, 30
Jordan blocks, 136 well-conditioned, 50

159



	List of Algorithms
	List of Figures
	Direct Methods for Linear Systems: LU Factorization
	Introduction and LU Factorization
	LU Factorization: Algorithm and Existence
	Pivoting and PA = LU
	Notes and References
	Exercises

	Nonlinear Systems and Newton's Method
	Newton's Method: Derivation
	Newton's Method: Local Convergence
	The Newton Convergence Theorem
	Newton's Method in Practice; Damping
	Damped Newton; Introduction to Conditioning
	Notes and References
	Exercises

	Conditioning, Floating-Point Arithmetic, and Stability
	Conditioning; Floating-Point Numbers
	IEEE Floating-Point Numbers and Machine Precision
	Floating-Point Arithmetic and Round-Off Errors
	Loss of Significant Digits; Stability
	Backward Stability
	Backward Stability; Vector and Matrix Norms
	Notes and References
	Exercises

	Stability of Gaussian Elimination
	Conditioning of Ax=b; Stability of LU Factorization
	Stability of LU with Pivoting; Interpolation
	Notes and References
	Exercises

	Interpolation and Splines
	Splines
	Interpolation Error; Cubic Spline Construction
	B-Splines
	B-Splines of Order k
	B-Splines: Properties and Evaluation
	Notes and References
	Exercises

	Numerical Integration
	Numerical Integration; Quadrature Rules
	Quadrature Examples; Gaussian Quadrature
	Gaussian Integration
	Adaptive Quadrature; Eigenvalue Problems
	Notes and References
	Exercises

	Eigenvalue Problems
	Computing Eigenvalues; Unitary Similarity
	Schur's Theorem; Householder Reflectors
	Hessenberg Reduction; The QR Algorithm; Givens Rotations
	Convergence of the QR Algorithm; Shift Strategies
	Notes and References
	Exercises


